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THE OCTOBER MEETING OF THE SOCIETY 


The two hundred twenty-fourth regular meeting of the 
Society was held at Columbia University on Saturday, October 
28, 1922, extending through the usual morning and afternoon 
sessions. The attendance included the following forty-eight 
members: 


Alexander, Archibald, Barnum, Borden, Bowden, B. H. Camp, Cole, 
Cowley, Crum, L. D. Cummings, Douglas, Eisenhart, Fenn, Fields, Fine, 
Fite, Gill, Gronwall, Haskins, Hazlett, Hebbert, Hill, Hil'e, Joffe, Kasner, 
Lamond, Lamson, McDonnell, MacDuffee, MacNeish, Mathews, Mullins, 
Northcott, Pell, Pfeiffer, Reddick, R. G. D. Richardson, Ritt, Ruger, 
Seely, D. E. Smith, Sosnow, H. D. Thompson, Veblen, Weisner, H. 8. 
White, Whited, Whittemore. 


At the meeting of the Council, the following twenty-one 
persons were elected to membership in the Society: 


Professor Margaret Buchanan, University of West Virginia; 

Mr. Franz J. Feinler, Ladysmith, B. C.; 

Mr. James Garfield Garrison, Polytechnic High School, San Francisco; 

Mr. Charles Hopkins, University of Illinois; : 

Professor Daniel Hull, University of Notre Dame; 

Mr. LeRoy Archibald MacColl, Western Electric Company; 

Mr. Donald Hector MacPherson, Brown University; 

Miss Frances Morrill Merriam, Wellesley College; 

Mr. Edward Charles Molina, American Telephone and Telegraph Com- 
pany; 

Professor Paul Muehlman, Marquette University; 

Miss Margaret Comstock Packer, Hood College; 

Professor Llewellyn Rood Perkins, Middlebury College; 

Mr. Emeterio Roa, University of Michigan; 

Mr. William E. Roth, Phillips, Wis.; 

Professor Hazel Edith Schoonmaker, Western College for Women; 

Dr. Walter Andrew Shewhart, Western Electric Company; 

Dr. Harry Melvin Shoemaker, North East High School, Philadelphia; 

Professor John Theobald, Columbia College, Dubuque, Ia.; 

Professor Clarence Eugene Van Horn, Judson College, Rangoon, Burma; 

Mr. Wesley John Wagner, Purdue University; 

Mr. Raymond Louis Wilder, University of Texas. 
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Twenty-two applications for membership in the Society 
were received. 

A committee consisting of Mr. S. A. Joffe and Professor 
W. J. Berry was appointed to audit the accounts of the 
Treasurer for the current year, and to report to the Council 
at the Annual Meeting. 

A list of nominations for officers and other members of the 
Council was presented by the Committee on Nominations, 
and was unanimously adopted by the Council At the head 
of this list was the nomination of Professor F. N. Cole for 
President of the Society. The Secretary reported that Pro- 
fessor Cole, while appreciating the honor done him, found 
himself unable to accept the nomination. The Council with 
regret accepted this decision, and adopted an alternative 
nomination presented by the Committee. The following reso- 
lution was adopted: 

We, the Council of the American Mathematical Society, 
desire to place on record an expression of our profound regret 
that Professor Cole feels compelled to decline the nomination 
to the presidency of the Society. We believe that the mem- 
bers of the Society in general will share our disappointment 
that the opportunity is thus denied us to confer on Professor 
Cole the honor which would most suitably express our high 
esteem of him and of his signal services to the Society. 

The Committee on the Cole Fund presented a report 
recommending that the fund be used to endow a prize to be 
called the Frank Nelson Cole Prize in Algebra. The recom- 
mendations, which are printed elsewhere in this BULLETIN, 
were accepted by the Council. 

Professor J. K. Whittemore presided at the morning session 
of the Society, relieved in the afternoon by Professor C. N. 
Haskins. Titles and abstracts of the papers read at this 
meeting follow below. Mr. Linfield was introduced by Pro- 
fessor Birkhoff. The papers of Professor Jackson, Mr. Lin- 
field, Mr. Rice, and Dr. Post, and Dr. Hille’s third paper were 
read by title. 
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1. Professor Edward Kasner: Parallels and geodesics in 
Weyl's affine geometry. 

The author first shows that the law of parallelism in a Wey] 
affine-connected manifold determines the geodesics (paths), 
but that the converse is not true. For the case n = 4, for 
example, 40 functions Tj, (parallelism coefficients) determine 
the parallels, but 36 combinations (geodesic coefficients) 
determine the geodesics. Two sets of coefficients T, have 
the same geodesics when they differ by 3 (5% l, + 6,* ls), where 
= lorO0asa= 8 oraFX B, and are arbitrary 
functions. It is then shown if the geodesics in any Weyl 
manifold are represented, by means of an arbitrary point-to- 
point representation, on a euclidean space, they have a certain 
simple geometric property, called the cubic property, and that 
this is entirely characteristic. For the case of two dimensions 
the result is that the locus of the centers of curvature of the 
curves through a given point is a special cubic curve as stated 
in AMERICAN JOURNAL OF Matuematics, vol. 28 (1906), 
pp. 207, 208. The extension to n dimensions now given is 
immediate, and, as remarked, is sufficient to characterize a 
Wey! family of geodesics or paths. 


2. Professor Edward Kasner: Einstein’s equations of the 
second and third kinds. 


The three kinds of gravitational equations were introduced 
by Einstein in 1915, 1917, 1919 respectively. In the general 
form where the energy tensor 7, appears in the right-hand 
member each kind is an actual extension of the previous kind. 
The present author gives a simple proof that if this tensor 
vanishes (space free from matter) the equations of second and 
third kinds are mathematically equivalent. An incidental 
result is that if in the cosmological equations Rag — Agag = 0 
(sometimes called the De Sitter equations) we do not assume 
that is a constant, but merely assume that Xd is a point- 
function, we can prove from the system itself that \ must be 
a constant. Thus we have a kind of analogue of Schur’s 
famous theorem on spaces of constant Riemann curvature. 


3. Professor Oswald Veblen: Projective and affine geometry 
of paths. 


This paper contains a proof that any two affine geometries 
within the same projective geometry of paths are related by 
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means of a vector and, conversely, that any affine geometry 
and a covariant vector determine another affine geometry. 
It will be published in the PRocEEDINGS oF THE NATIONAL 
ACADEMY OF SCIENCES. 


4. Dr. G. A. Pfeiffer: Theorems on irreducible continua. 

The following theorems are proved in this paper: (I) If W 
is a bounded continuum which is irreducible between two 
points and C is a proper subcontinuum of M which contains . 
one of these points, then M — C is connected. (II) If M and 
N are bounded continua which are irreducible between the 
pairs of points a and 6 and b and ¢ respectively, and if M+ N 
is irreducible between a and ¢, then any component of the 
product M-N which is not a point is either a continuum of 
condensation of M+ N or a non-decomposable continuum. 
(III) If M and N are bounded continua which are both 
irreducible between the same pair of points, then M+ N is a 
continuum which is not irreducible between any pair of points. 
(IV) If M is a continuum which is irreducible between the 
points a and 6 and C is a continuum of condensation of M 
which contains b, then M is irreducible between a and any 
point of C. 


5. Dr. G. A. Pfeiffer: On the mapping of dyadic sets. 

The writer shows that if A and B are two dyadic* sets 
and if A’, a closed subset of A which is nowhere dense in A, 
and B’, a closed subset of B which is nowhere dense in B, are 
homeomorphic, then there exists a (1-1) continuous corre- 
spondence between A and B which on J’ is identical with any 
given (1-1) continuous correspondence between A’ and B’. 
Some conditions on A’ and B’ other than mere homeomorphism 
between them is necessary for a theorem like the above. 


6. Dr. Jesse Douglas: On the analysis situs of the plane when 
the (directed) line is taken as element. 

The author has previously made use of a representation of 
the (directed) lines of the plane on a cylinder (this BULLETIN, 
vol. 28, p. 398). This correspondence being one-one and 
continuous, the analysis situs of the field of oriented lines of 
the plane is the same as that of the cylinder. There are two 
types of simple, continuous, closed curves in the plane, not 
equivalent under one-one continuous line transformation, 


*See Hausdorff, Grundztige der Mengenlehre, p. 322. 
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corresponding to curves surrounding or not surrounding the 
cylinder. The above is on the assumption of a metric plane. 
If the- convention is made of a single line at infinity, the 
oriented lines of the plane have the analysis situs of the 
projective cone, the vertex corresponding to the line at infinity. 
If we postulate two lines at infinity, oriented clockwise and 
counter clockwise respectively, the analysis situs is that of the 
sphere. If ©! lines are assumed at infinity, one parallel to 
each direction, the analysis situs is that of the torus. 


_7. Dr. Jesse Douglas: Note on the integral of mean curvature 
over a surface. 

Let a polyhedron be inscribed in a portion > of a surface, 
and the number of its vertices increased indefinitely, while its 
faces grow smaller in such a way as to approach to tangent 
planes to the surface. Form the sum 2e;A;, where e; denotes 
any edge and 4A; the infinitesimal dihedral angle of the faces 
meeting in that edge, A; being counted as positive or negative 
according to a convention based on concavity and convexity 
considerations. The summation is to extend over all the 
edges of the polyhedron. Then the limit of the above sum is 


equal to 


taken over >. If the surface is minimal, this limit is equal to 
zero for every portion of the surface, and conversely. This 
suggests a possible approach to the solution of Plateau’s 
problem, based on obtaining polyhedral approximations. 


8. Professor Dunham Jackson: Note on quartiles and allied 
measures. ; 
This paper appears in the present number of this BULLETIN. 


9. Mr. B. Z. Linfield: Particle geometry. 


After setting up a set of postulates for the general n-dimen- 
sional particle varieties, the author considers primarily the 
dense and normal varieties, U, and S, respectively. For 
them he proves a number of separation theorems which finally 
lead to the definition of the connectivity of an S,. He con- 
cludes with a number of theorems concerning the S» of lowest 
connectivity, pointing out that the postulates for an S, of 
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lowest connectivity form a complete set of axioms for the four- 
color problem and that thus the theorems concerning the S, 
of this connectivity are immediately transferable to theorems 
in the four-color problem. 


10. Mr. B. Z. Linfield: On certain polar curves with appli- 
cations to the location of the zeros of the pth derivative of a rational 
function. 

The process of polarization is here used on rational fractional 
functions of three homogeneous variables. After some of the 
properties of these curves are established the results are 
applied to the generalized Van den Berg curves, 


(ux; + vy; + w)"/dw’ = 0. 
A further study yields results about the zeros of the pth 


derivative of a rational function from which the root-polygon 
theorem follows as a particular case. 


li. Mr. L. H. Rice: On the expression of the sum of any two 
determinants as a determinant of more dimensions. 

In this paper it is shown that the sum of any two determi- 
nants A and B of the same number of dimensions, the same 
signancy, and the same order, can be expressed as a determi- 
nant C of the next higher class (number of dimensions). The 
sum is so formed that the elements of C are of a very simple 
character, being in fact identical with individual elements of 
A and B. It appears that upon changing the sign of every 
element of a certain sublayer of C, the signancy of C may be 
varied. This paper appears in the JouRNAL OF MATHEMATICS 
AND Puysics OF THE Massacuusetts InstirurE oF TECH- 
NOLOGY, vol. 1, No. 3. 


12. Dr. Einar Hille: A Pythagorean functional equation. 
The author proves that the general solution of the functional 


equation 


is given by ¢ sin az where ¢ is an arbitrary constant and a is 
constant, either real or purely imaginary. The special case 
c= 1a, a-—0 yields a particular solution, namely z itself. 
The proof consists in using the fact that log |f(a + zy)| is an 
harmonic function the Laplacian of which is zero. The re- 
sulting differential equations are integrable by quadratures. 
The method is easily extended to similar functional equations. 
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13. Dr. Einar Hille: A class of functional equations. Pre- 
liminary communication. 


The problem here considered is to determine the analytic 
solutions of the functional equation 


w= Riu,r); w= u= v= 


where x and y are real variables and R is a rational function 
- of u and 2, satisfying certain conditions of symmetry and 
reality. Observing that the Laplacian of log R must vanish 
identically, we obtain a differential equation of the form 
+ G2(u’)? + + Gy(v')? = 0 where G stands for a 
rational function of u and v with constant coefficients. Keeping 
y (or x) constant, wu (or v) can be determined by three quad- 
ratures. If this process gives an analytic solution, f(z), of 
the functional equation that is single-valued throughout the 
plane, then f(z) is an elliptic function with one real and one 
pure imaginary period, or else a degenerate case of such a 
function, or, finally, a function of the form exp. (az? + bz). 
The classification of the many-valued solutions is not yet 
completed. The method is easily extended to the case when 
R is an algebraic function of u and v. 


14. Dr. Einar Hille: Oscillation theorems in the complex 
-domain. 

This paper is devoted to the study of the distribution in 
the complex plane of the zeros of solutions of a linear homo- 
geneous differential equation of the second order, the coeffi- 
cients of which are analytic functions of a complex variable. 
An integral equality, corresponding to Green’s formula in the 
real theory, is deduced, by means of which it is possible to 
determine regions in the complex plane in which a given 
solution is different from zero as well as its first derivative. 
Various types of such regions are considered. The paper also 
contains a study of the asymptotic distribution of the zeros 
of a solution in the neighborhood of an irregular singular 
point of rather general type. The paper will appear in the 
TRANSACTIONS OF THIS SOCIETY. 


15. Professor W. L. Crum: Note on the internal evidence of 
the reliability of a test. 


The paper seeks to discover the theoretical limitations on 
the use of the common method of computing a reliability 
coefficient by comparison of the results for the odd- and even- 
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numbered questions of the test. It is shown that this method 
is strictly applicable only to tests which are known to have 
very special degrees of uniformity, and that it is likely to 
lead to altogether inaccurate conclusions as to reliability for 
the irregular tests which we commonly give. 


16. Professor W. L. Crum: The use of the median in deter- 
mining indices of seasonal variation. 

The paper suggests that the distribution of the monthly 
variables, in the usual historical series, about their respective 
averages has such a form that the arithmetic mean is a less 
reliable measure of the average tendency than is the median. 
A study is made of a particular historical economic series, 
known to possess marked and fairly regular seasonal variation, 
with a view to verifying the hypothesis. The conclusion 
appears unmistakable that the median should be used. 


17. Professor R. M. Mathews: A general construction for 
circular cubics. 

Let Q and R be two points on a variable circle which is cut 
again in S and T by two arbitrary fixed lines s and ¢ through 
Q and R, respectively. The variable line ST cuts an arbitrary 
fixed line gin U. The variable line PU, drawn from a fixed 
point P, cuts the circle in A and B. The locus of these two 
points for the pencil of circles through Q and R is a circular 
cubic curve. Conversely, every circular cubic may be con- 
structed in this manner. 


18. Professor R. M. Mathews: A theorem on conics, with 
applications. 

Three conics of the coaxial set {A} on two points R and S 
cut an arbitrary fixed conic C in three sets of four points 
{A;}, {Bij, {Ci}, (© = 1, 2, 3, 4), respectively; the conic of 
the set through A;B;C; cuts C in a fourth point D;. Then 
the set of four points {D;} lies on a conic through R and S. 

When R and S are the circular points at infinity the set { K} 
consists of the circles of the plane; when the figure now is 
inverted we obtain theorems about groups of concyclic points 
on circular cubics and on bicircular quartics. 


19. Mr. Louis Weisner: A property of the characteristic 
elements of a group. 
If a group G can be generated by an invariant element S 
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and an invariant subgroup H, there exists an automorphism 
of G in which each element of H corresponds to itself and S 
corresponds to S‘, where 7 is a certain integer different from 
unity and prime to the order of S. The only exception to 
this statement is the case where the order of S is twice an 
odd number and H is of index 2 in G. It follows that a 
characteristic element of G whose order is not twice an odd 
number cannot appear in any possible set of independent 
generators of G, and is therefore contained in the ¢-subgroup 
of G. 


20. Dr. E. L. Post: Visual intuition in Lobachersky space. 

According to Klein, the development of non-euclidean 
geometry has proceeded through three stages, the synthetic 
stage centering around Lobachevsky, the differential geometry 
stage initiated by Riemann, and the projective measurement 
stage developed by Cayley and Klein. The present paper 
may be said to belong to a fourth stage, already found in the 
work of Poincaré. It takes an observer brought up in eu- 
clidean space, immerses him in Lobachevsky space, and relates 
what he sees there. In particular, the observer views the 
Lobachevsky straight line from all positions, and notes that 
in general it has the appearance of one branch of a hyperbola, 
always spreading away from him, and varying in size and 
shape with his distance from the line. He then observes 
objects at various distances from him, and notes that for a 
given distance an object appears much smaller in Lobachevsky 
than in euclidean space. Another interpretation is that 
Lobachevsky space is much roomier than euclidean space as 
one goes out from a given fixed center. These two develop- 
ments of the Lobachevsky intuition are then related by 
showing that the shortest line between two points as deter- 
mined by the metric presents the appearances described above. 


21. Professor Elizabeth B. Cowley: Note on a generalization - 
of the old puzzle of 8, 5, and 3 pint vessels. 

Bachet (Problémes Plaisants & Deléctables, 5th edition, 
Paris, 1884) has a discussion of a generalization of the old 
puzzle to obtain 4 pints of liquid from an 8 pint vessel full of 
liquid by the use of 2 empty vessels with capacities of 5 and 
3 pints. Attention is called to the case in which A < (B + C) 
(where A, B, C represent the capacities of the largest, middle, 
and smallest vessels respectively). ‘Two examples are given: 
20, 13, 9 and 16, 12, 7, and the statement is made that the 
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first is possible and the second impossible but that these facts 
are not known a priori. In this paper, criteria are worked 
out for ascertaining a priori whether a solution is impossible 
when A < (B+ C). Incidentally, some properties of cases 
in which A = B+ C are noted. 
R. G. D. RicHarpson, 
Secretary. 


THE OCTOBER MEETING OF THE 
SAN FRANCISCO SECTION 


The fortieth regular meeting of the-San Francisco Section 
of the American Mathematical Society was held at the Uni- 
versity of California, October 21, 1922. Professor Allardice 
presided during the early part of the meeting and Professor 
Cajori during the latter part. The total attendance was 
thirty-five, including the following twenty-four members of 
the Society: 

Alderton, Allardice, Andrews, Barter, Bernstein, Blichfeldt, Buck, 
Cajori, Edwards, Growe, Haskell, Hoskins, Irwin, Lehmer, Levy, Libby, 
Moreno, F. R. Morris, T. M. Putnam, Shane, P. Sperry, Stromquist, 
A. R. Williams, Wong. 

The following officers were chosen for the year: Chairman, 
Professor Florian Cajori; Secretary, Professor B. A. Bernstein; 
Programme Committee, Professors H. F. Blichfeldt, D. N. 
Lehmer, B. A. Bernstein. 

It was decided to hold the next Fall meeting of the Section 
on Saturday, October 20, 1923, at the University of California. 

Titles and abstracts of papers read at this meeting follow. 
The papers of Professors Bell and Smail were read by title. 


1. Dr. J. D. Barter: Spiral functions. Preliminary report. 

If a is a root of the equation a) + --- 
++ a,x” = 0, termed the “fundamental equation,” then 
exp. (at) = fo(t) + afi(t) + o2felt) + a 
The functions f are termed spiral functions. Their general 
properties and applications are summarized. Methods for 
calculating the values of these functions in special cases are 
outlined. 


t 
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2. Professor E. T. Bell: Applications of analysis to the 
arithmetic of higher forms. 

In papers published in the TRANSACTIONS OF THIS SOCIETY, 
it has been shown that any identity between elliptic, abelian 
or theta functions gives rise to a relation between functions 
wholly arbitrary except as to parity, the arguments of the 
functions being linear functions of the indeterminates repre- 
senting an arbitrary integer in a quadratic form in several 
variables. In the present paper the restriction that the forms 
be of the second degree is removed. The method of para- 
phrase is thus widely generalized. 


3. Professor E. T. Bell: Umbral symmetric functions and 
algebraic analogues of the Bernoullian and Eulerian numbers 
and functions. 


The numbers of Bernoulli and Euler of rank n are replaced 
by rational integral algebraic functions in n independent 
variables. For unit values of all the variables the functions 
degenerate to the numbers of the same rank; the general 
relations between the numbers are special cases of relations 
between the functions. This paper is complementary to 
another, to be published in the TRANSACTIONS OF THIS SOCIETY, 
in which the numbers of rank n are replaced by polynomials 
of degree n in one variable. 


4. Professor B. A. Bernstein: An arithmetic representation of 
Boolean logic. 

The author shows how Boolean logic can be represented by 
arithmetic operations. The complete paper will appear in 
a later number of this BULLETIN. 


5. Professor B. A. Bernstein: Arithmetic independence sys- 
tems for the Whitehead-Huntington spostulates for Boolean 
algebras. 

The author exhibits simple arithmetic systems which may 
take the place of the abstract systems used by Huntington in 
proving the independence of his first set of postulates for 
Boolean algebras. The complete paper will appear in a 
later nnmber of this BULLETIN. 
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6. Professor B. A. Bernstein: A Boolean representation of a 
number field. 


In this paper the author gives a representation of a two- 
element field by means of operations of a Boolean algebra, 
and adds a note on the existence of abelian groups in any 
Boolean algebra. The complete paper will appear in a 
later number of this BULLETIN. 


7. Professor Florian Cajori: Origin of the symbols for “de- 


grees, minutes, and seconds.” 


The signs °, ’, ” originated in the sixteenth century in the 


use of the exponential concept to operations involving sex- 
agesimal numbers. The sign ° has been traced back to J. 
Peletier (1558). 


8. Professor Florian Cajori: The St. Andrew’s Cross X as a 
mathematical symbol. 

The claim made by certain writers that X was adopted as 
the sign of multiplication on the European continent before 
the English adopted it in 1618 is found to be invalid. Before 
1618 other uses (ten different ones) were made of two obliquely 
intersecting lines. This paper will appear in the MatTue- 
MATICAL GAZETTE. 


9. Professor Florian Cajori: Origin of the names arithmetical 
and geometrical progression and proportion. 

Though not used by Euclid, Apollonius and Archimedes, 
these names originated earlier, in the time of Archytas and 
Hippasus; they met with more common adoption 400 years 
after Euclid. Aristotle uses the term “geometric proportion.” 
The names indicate the fields of Greek mathematics in which 
the respective proportions found their widest application. 
This paper will be published in ScHoot ScreNcE AND MATHE- 
MATICS. 


10. Professor L. L. Smail: Applications of vector analysis to 
celestial mechanics. Preliminary report. 

The author has applied the methods of vector analysis to 
the problem of two bodies and to the discussion of the general 
integrals of the problem of n bodies, and has obtained some 
simplifications of treatment over the usual methods. 
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11. Dr. A. R. Williams: Note on the form of a space curve in 
the vicinity of a singular point. Preliminary report. 

Von Staudt noted that the projections of a space curve on 
the three principal planes could be deduced from simple 
geometrical considerations. Christian Wiener prepared mod- 
els illustrating the eight possible cases. The analytic side of 
the question has been treated at some length by several 
writers. The author shows that a simple analysis can be 
made by means of the torsion function. 


12. Professor L. M. Hoskins: Note concerning estimates of 
the rigidity of the earth. 

Estimates of the rigidity of the earth are based upon two 
independent lines of observational evidence, one showing the 
effect of tidal forces in changing the direction of apparent 
gravity, the other the prolongation of the earth’s period of 
free nutation attributed to changes in centrifugal forces as the 
axis of rotation changes. Estimates based upon the two kinds 
of evidence have not been in close agreement. The author 
has shown (TRANSACTIONS OF THIS Socrety, vol. 21) that the 
two kinds of evidence may be harmonized by perfecting the 
theory of strain of an elastic sphere so as to take account of 
variation of density and elastic moduli. In the computations 
leading to this conclusion, however, a law of variation of 
density was for simplicity used which involved a considerable 
error in the value of the surface density as well as an error of 
about 3 per cent in the moment of inertia. Computations 
have now been made with a density formula which corrects 
these discrepancies and causes no important change in the 
quantities upon which estimates of rigidity are based. The 
formula used agrees rather closely with Laplace’s law of 
density. 

B. A. BERNSTEIN, 
Secretary of the Section. 
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THE FRANK NELSON COLE PRIZE IN ALGEBRA 


At the time of the retirement in December, 1920, of Professor 
F. N. Cole as Secretary of the American Mathematical 
Society and editor of its BULLETIN, a sum of money was 
collected from members of the Society by a committee, of 
which Professor H. S. White was chairman, and was presented 
to Professor Cole in recognition of his distinguished services 
through a period of twenty-five years. At the next meeting 
of the Council, Professor Cole donated this fund to the Society, 
to be used as the Council might think best. The committee, 
consisting of Professors Frank Morley (chairman), T. 8. Fiske, 
and H. 8. White, appointed at that meeting to make recom- 
mendations to the Council as to the use of the income of this 
fund, has presented a report recommending that this fund 
shall be used to endow a prize, to be called the Frank Nelson 
Cole Prize in Algebra. The recommendations of this com- 
mittee, which were accepted by the Council at its meeting in 
October, 1922, follow below: 

(1) The fund shall accumulate until by interest and contri- 
butions it reaches the amount of one thousand dollars. 

(2) At the end of every five years thereafter the Council 
shall award from the available income not more than two 
hundred dollars as a prize for the best memoir offered in 
competition upon some question in the theory of Galois groups, 
or the theory of numbers, or some other part of algebra. 

(3) The question or subject for competitive memoirs shall 
be announced by the Council at least two years in advance of 
the date for their submission; and the details of the mode of 
award shall be published at the same time. 

(4) The prize shall be designated as the Frank Nelson Cole 
Prize in Algebra. At the time of each award the names of 
all previous recipients of the prize shall be published in the 
Bulletin of the Society, together with the name of the suc- 
cessful competitor and an abstract of his memoir. 

(5) The prize may be withheld at the end of any quin- 
quennium if no sufficiently meritorious memoir be submitted; 
and in such case a double prize may be awarded in the next 
following quinquennium. 

(6) These conditions may be altered at any time by a two- 
thirds vote, in writing, of all members of the Council. 

R. G. D. Ricuarpson, Secretary. 
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PERIODIC SOLUTIONS IN THE PROBLEM OF 
THREE BODIES * 


BY F. H. MURRAY 


1. Introduction. In Les Méthodes Nouvelles de la Mécanique 
Céleste, § 48, Poincaré gave a discussion of the periodic 
solutions of the third kind in the problem of three bodies, 
which has formed the basis for later researches by Poincaré 
and other writers. It is the purpose of this note to give an 
alternative demonstration of the existence of these solutions, 
using the methods of a preceding paragraph, and certain 
results of von Zeipel. 

2. Statement of Problem. Suppose the number of degrees of 
freedom reduced to four by the methods of § 16,7 and the 
variables of § 18 introduced. Then if 


(1) = A, t2 = = 
y=, ¥s = y= 7; 
the equations of motion become, 
dx; OF dy; OF ‘ 
The function F satisfies the relations 
F= phi + 
(3) _ ( ) 
Fo Fy(a1, 22), 023025 0, 


in a domain — 21°| < 6, — a2°| <b. Also, 
Fy = Am cos (miyi + moy2 + h), 


where A™"3 ,, is analytic in 21, #2 in the domain considered. 
We are now in a position to apply the method of § 46. 

In the notation of that paragraph, the coordinates of a periodic 
* Presented to the Society, September 8, 1922. 


7 Paragraph numbers refer to the paragraphs of Poincaré’s Les M éthodes 
Nouvelles, vol. I. 
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solution satisfy the conditions 


T ¥ 
dt (i= 1, 2, 3, 4), 
0 


OY; 
(4) = { 12), 
\ 02; On; 
(5) Ge i886. 


These equations are to be solved for the values of the 
coordinates (2;, y;), at the time ¢ = 0, and for |u| < a, where 
a is arbitrarily small. 

3. Solution of the Equations. On account of the integral 
F = const., one of the equations, for instance Y2 = 0, may be 
omitted, and the constant a chosen identically zero. If 
un = 0, equations (5) become 


(5’) OR _ OR _OR _ 
0a; 0a3 


The Jacobian of this system of functions is equal to the 
product of the Hessian of Fy with respect to 2;°, 22° by the 
Hessian of R with respect to 1, &3, G4, 73°, 24°, multiplied by 
a non-vanishing factor; from (3) it only remains to show that 
the latter, or the Hessian of R with respect to d°, &, £’, n, 7’, is 
different from zero if 2;°, x2°, \° are suitably chosen, and 
=n=7'=0. 

This Hessian is equal, except for a non-vanishing factor, to 
the determinant D, of von Zeipel* (with @= 0). It can 
easily be verified that for certain systems of values of 21°, 22°, 
d”, D2 #0; the existence of periodic orbits of the corre- 
sponding types follows. 


Tue University oF West VIRGINIA 


* Recherches sur les solutions périodiques de la troisi¢me sorte dans le 
problime des trois corps, Nova Acta R. Socter. Ups., (3), vol. 20, p. 51. 
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NOTE ON QUARTILES AND ALLIED MEASURES * 


BY DUNHAM JACKSON 


If a number of values a, a2, ---, a, of a quantity x have 
been observed, the lower quartile of this set of observations 
may be roughly described as a number x; such that one fourth 
of the a’s are less than 2; and three fourths of them are greater 
than 2;. Something more is needed for an exact definition, 
inasmuch as the condition stated either leads to an indeter- 
minate value or is impossible of realization, according to 
circumstances. If 2; is defined as a value of 2 which reduces 
to a minimum the expression 


= ¢i(z — a4), 


where ¢)(x) = 32 for x = 0, ¢:(x) = — ia for x = 0, there 
will always be at least one value of x, satisfying the condition, 
and this will agree with the value of the quartile as ordinarily 
understood, but if n = 4k and a, ¥ az41, when the a’s are 
arranged in order of increasing algebraic magnitude, any 
number between a; and a;,; will meet the requirement. It is 
the purpose of this note to show that a unique determination 
results in all cases from a definition analogous to one which 
the author recently suggested for the median. As in the 
previous instance, the definition is admittedly of theoretical 
rather than practical interest. The discussion is put in such 
a form as to apply equally well to an arbitrary percentile or 
other measure of similar character, the ratio 1:3 being 
replaced by any other positive ratio. 

Let a), ---+, G, be a set of real numbers (not necessarily all 
distinct) arranged in ascending order of magnitude algebra- 
ically, and let c be an arbitrary number of the interval 0 < ¢ 
<1. For p 21, let a function ¢,(x) be defined as follows: 


¢g,(«) = (l— forx 20, ¢,(x) = e(— 2)? =0. 


+ Presented to the Society, October 28, 1922. 
7 Note on the median of a set of numbers, this BULLETIN, vol. 27 
(1920-21), pp. 160-164. 
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The value of ¢ will be kept constant throughout, and need not 
be indicated in the notation for the function ¢. Let 


and let x, stand for the value of 2, or any value of x, which 
reduces S, toa minimum. It is to be shown that 2, is uniquely 
determined for each value of p > 1; that as p approaches 1, 
2p approaches 2}, if 2; has a determinate value; and that in 
the contrary case, 2, approaches a definite limit belonging to 
the interval within which 2; is indeterminate. 

Consider first the case that en is not an integer. Let k be 
the integer such that k — 1 <en <k. Then 2 definitely has 
the value a,. For as x changes from a; to a; + 6, at least k 
terms of the sum S, are increased, each by the amount (1 — c)é, 
and not more than n — k terms are diminished,:the amount 
of decrease in each case being cé at most, so that the net 
change in S, is at least 

k(1l — c)6 — (n — k)cé = (k — en)i > 0; 
and as x changes from a; to a, — 6, at least n — k + 1 terms 
are increased, not more than ik — 1 are diminished, and the 
net change is at least 

(n — 1d — & — 1)(1 — 08 = (on — E+ > 0. 
It will be shown that x, is uniquely determined for each value 
of p > 1, and that lim,7, = a. 

When p > 1, the function ¢,(x) is continuous and has a 
vontinuous derivative for all values of 2, including x = 0. 
Since S,(x) is continuous and becomes infinite as x becomes 
infinite in either direction, it must have at least one minimum. 
A necessary condition for a minimum is the vanishing of 
S,'(x). But it is readily seen, either by inspection or by 
writing down the explicit formulas, that ¢,’(x) always in- 
creases when z increases, so that S,’(x) likewise increases when 
x increases, and can vanish only once. This proves the 
existence and uniqueness of 2p. 

Let € be an arbitrarily small positive quantity, and let r be 
an index such that a, < a, + € S a,41; it is clear that r = k. 
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It follows from the definition of ¢ that ¢,’(x) = (1 — e)px?“ 
or — cep(— x)?~, according to the sign of z, and hence 


(an + d= 1 - 


+ (1 — + € — a,)? — — 1— 
— — ay — 

When p approaches 1, each of the first r terms on the right, 
apart from the factor 1 — e, approaches the limit 1, and each 
of the remaining terms, apart from the factor c, but. inclusive 
of the algebraic sign, approaches — 1 or possibly 0. So 
lim (a + €) = 
Similarly, 

lim S,'(a. — €) < 0. 

For if the definition of r is changed so that a, = a, — € < ay41, 
then r = k — 1, and 


—e) = 


+ (1 — c)\(a, — a)?" — 

— ca, — a, + 
lim S, (a 
=k-—1-—cn<0. 
So the value x, for which S,’ vanishes must be between a; — € 
and a; + € when p is sufficiently near 1, or, in other words, 
limyp=1 tp = 

Suppose now that en is an integer, and let cn = k. If it 
happens that a; = a;41, reasoning similar to that presented 
above shows that x; = a; and lim,—; 2,» = ax, as before. 

This special case being left aside, it is to be assumed that 
ay, < dy41. The definition of 2; is satisfied by ay or ay; or 
any intermediate value. For p > 1, on the other hand, z, is 
seen to be uniquely determined, by the same argument as 
was used before. Furthermore, it is recognized that 

lim S,’(ax,) = (k — 1)(1—¢) — (n— 

=k—1+e—m=c—-1<0, 

lim = k(1—e) — 
p= 


so that a, < 2p < dx41 when p is sufficiently near 1. It 
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remains to be shown that 2, approaches a definite limit as 
p approaches 1. 

Let x havea value between a, and Forti = 1,2, ---,k, 
x — a; is positive, and 
(2 — = ¢ 
1+ (p— 1) log (@ — a,) + 3(p — 1)? log? (@—a,) + --- 
1+ (p— 1) log a;) + (p— p), 
where p;(x, p) is a function which approaches } log? (x — a,), 
and so remains finite, if x is held fast and p approaches 1. 
For z > k, 

(a; — x)? = 14+ (p— 1) log (a; — x) + (p — 1)’pi(2, p), 
where p;(2, p) again remains finite for fixed x as p approaches 1. 
If these values are substituted in the explicit expression for 
(1/p)S,’(x), there will be k terms each equal to (1 — c) and 
(n — k) terms each equal to (— ¢), which will destroy each 
other, because of the relation en = k, and each of the re- 
maining terms will have a factor p — 1, so that we may write 

p(p — 1) 

— eflog (ax41 — 2) + --- + log (a, — x)] + (p— Ip(a, p) 
— a;)---(@ — 

the function p remaining finite as p approaches 1. 

As the exponents ¢ and 1-—e are both positive, the 
fraction on the right increases steadily from 0 to-+ * as x 
goes from a, to az1, and the logarithm increases steadily from 
— x to+ ~, taking on the value 0 just once, say for = _Y. 
For x = X + «, the logarithm is positive and independent of 
p, while the term (p — 1)p(¥ + ¢, p) approaches zero as p 
approaches 1. So the value of the whole expression on the 
right is positive when p— 1 is sufficiently small. For a 
similar reason, the expression is negative for x = XY — e, if p 
is sufficiently close to 1. This means that the root of S,’(x) 
is between Y — € and X + e when p — 1 is sufficiently small, 
that is, 


= log 


lim zp = X. 
p=1 


Tue University oF MINNESOTA 
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RULED SURFACES WITH DIRECTOR PLANES * 


BY J. K. WHITTEMORE 


It is well known that one family of asymptotic lines of a 
ruled surface is composed of the rulings or generating straight 
lines of the surface; that the four points in which a variable 
ruling is cut by any four members of the other family of 
asymptotic lines—hereinafter called the curved asymptotic 
lines—are in constant cross ratio.— In this paper we prove, 
using this theorem of the constant cross ratio, that the neces- 
sary and sufficient condition that a ruled surface have the 
property that the segments cut from a variable ruling by any 
three curved asymptotic lines are in constant ratio is that the 
surface have a director plane; that the necessary and sufficient 
condition that a ruled surface with a director plane have the 
property that any two curved asymptotic lines cut a constant 
length from a variable ruling is that the surface have a con- 
stant parameter of distribution. The latter type of ruled 
surface is further discussed: it is shown that these surfaces 
bear a close analogy to the right helicoid; that given any 
right helicoid the analogous surfaces are obtained by the 
choice of an arbitrary function of one variable and by two 
quadratures; some properties of the curved asymptotic lines 
are given; finally a property of the line of striction of a ruled 
surface with a director plane is proved—a property which is 
not however characteristic of these surfaces. 

Suppose the rectangular coordinates of a point of any ruled 
surface are given by the equations 


(1) al, n=ytum, f=z+u, 

where 2, y, z are the coordinates of a point of the directrix 
and are regarded as functions of a parameter v; 1, m, n, the 
direction cosines of the ruling through the point v of the 


* Presented to the Society, April 23, 1921. 

} Eisenhart, Differential Geometry, p. 249. The case of developable 
surfaces, where the two families of asymptotic lines coincide, is excluded 
in this statement and throughout the following discussion. 
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directrix, are also functions of v and wu is length along the 
ruling measured from the directrix. The equation of any 
curve of the surface other than a ruling is given by writing 
in (1) w equal to a function of v. Suppose 1, we, uz, Us are 
four different functions of v giving the equations of any four 
curved asymptotic lines; then the cross ratio 

Uz — Uz Up — Us 
is constant. If w, uw, us give any three curved asymptotic 
lines, the equation of any such line is 


©) Us — U 

where ¢ is an arbitrary constant. It is evident that the neces- 
sary and sufficient condition that the ratio (uj — u3)/(us — us) 
be constant for any three curved asymptotic lines is that (2) 
be satisfied by writing wu equal to infinity, in other words that 
the necessary and sufficient condition that any three curved 
asymptotic lines cut from a variable ruling segments in a 
constant ratio is that the intersection of the surface with the 
plane at infinity be an asymptotic line. We proceed to show 
that this condition is equivalent to the requirement that the 
surface have a director plane. The differential equation of 
the asymptotic lines of any surface is 

(3) Ddv? + 2D'dudv + Dd? = 0. 

From (1) we find D = 0, so verifying the statement that the 
rulings, » constant, form one family of asymptotic lines on 
any ruled surface. We find further 


m’ n' | 
HD’=|l m n 
y’ 2! 
(4) 
+ul”’ 2’ +un” 
HD’ = l m n = In?+ Mut N. 


To find the condition for an asymptotic line in the plane at 
infinity we set u = p/q and rewrite equation (3) 
2D'(qdp — pdq) + (Lp? + Mpq + N¢q’)dv = 0. 


| 
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In order that g = 0 satisfy this equation it is necessary and 
sufficient that 


” 


n”| 
n |=0. 
#| 
That L vanish for all v is the condition that there exist a 
relation with constant coefficients, A, B, C, not all zero, 
Al+ Bm+ Cn = 0. 
It follows that the rulings are perpendicular to a fixed direc- 
tion, that is, that the surface has a director plane. It is 
moreover evident that the asymptotic line at infinity is the 
intersection of the director plane with the plane at infinity 
and is therefore a straight line. It is easy to verify the 
property proved for any ruled surface with a director plane, 
at the same time finding by a single quadrature, in conformity 
to the general theory of the Riccati equation, the finite equa- 
tion of all curved asymptotic lines when one such line is 
known in addition to the line at infinity. We may without 
restriction choose the yz plane as the director plane and also 
choose the parameter v as 2, since we need not consider the 
plane surface 2 constant. We then write 
=O) m = sin ¢, n = COS ¢, 
and equations (1) and (4) may be written 
€=a2, n=ytusng, 
(4) HD’ = ¢’, HD” = ug" + y” cos g — 2” sin ¢. 
For the curved asymptotic lines (3) becomes 
2¢'du+ + y” cos — 2” sin g)dv = 0. 
If uw, ws, uz are three solutions of this equation we find 
(5) (uy — Ue)? = (uy — us)? = ¢3/¢", 
so verifying the property of proportional segments. If w is 
known, all curved asymptotic lines are given by (wu, — u)? 
= c/g’ where c is.an arbitrary constant. The parameter of 
distribution of the surface (1’) is found to be 1/¢’.* 
Consider now a special case of ruled surfaces with director 
planes, surfaces such that any two curved asymptotic lines 


* Eisenhart, loc. cit., p. 246. 
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cut a constant length from a variable ruling. It is evident 
from equations (5) that it is necessary and sufficient in order 
that the surface (1’) have the required property that ¢’ be 
constant, that is, that the parameter of distribution be con- 
stant. The case ¢’ = 0 may be excluded since for this value 
the surface (1’) is a cylinder. We may write ¢g = 2/a+b) 
and by a proper choice of origin take b = 0. The equations 
of the required surfaces are 


a”) ¢=2, n=yt usin”, f= 2+ ucosé. 


The ruling x of (1’’) is parallel to the ruling 2 of the right 
helicoid 


£= gz, n= usin-, = u cos—- 
a a 


We remark that the surface (1) is not developable for the 
total curvature is — 1/(a?H*). If we suppose that the directrix, 
u = 0, of (1”) is an asymptotic line we may prove certain 
properties of these surfaces, in particular of the curved asymp- 
totic lines, wu constant. This supposition imposes the con- 
dition on the functions y and z ; 


(6) y” cos” — 2” sin* = 0. 
a a 

When a is given, that is, when the analogous right helicoid is 
given, equation (6) is satisfied by choosing y as any function 
of x and determining z by two quadratures. If z is one 
function so determined, every value of z found from (6) has 
the form z = z; + be + c¢. In geometrical terms we may say 
that, given the analogous right helicoid, the projection of an 
asymptotic line on the zy plane may be chosen arbitrarily; 
the projection of this asymptotic line on the 2z plane is then 
determined except for the addition of the ordinates of an 
arbitrary straight line. When the two projections of one 
curved asymptotic line of the surface are known the projec- 
tions of any other curved asymptotic line are obtained by 
adding to the ordinates of the projection of the former the 
ordinates of two sine curves of equal amplitude, each of the 
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period of the analogous right helicoid 27a, differing in phase 
in the two projections by a quarter pericd. If the surface 
contains a finite straight line other than the rulings, such a 
line is a member of the family of curved asymptotic lines, and 
the equations of such a surface are 


n= Ar + B+ usin®, 
(= D+ woos" - 


The projections of all curved asymptotic lines of this sur- 
face are curves of the “sinoid”’ type obtained by adding the 
ordinates of a sine curve to those of a straight line, familiar 
to students of Smith and Gale, New analytic geometry.* 

The discovery of a surface of this kind in M. C. Foster’s 
thesis, Rectilinear congruences related to special surfaces, as 
one of the principal surfaces of a congruence having a 
plane as a limit surface, led to the discussion contained in 
this paper. 

The line of striction of a ruled surface with a director plane 
(1’) ist ug’ = 2’ sin g — y’ cos g. If the line of striction is 
chosen as the directrix, «= 0, we obtain the theorem: A 
necessary and sufficient condition that a curve on a ruled 
surface with a director plane be the line of striction is that 
the projections on the director plane of the ruling and the 
tangent to the curve coincide for every point of the curve. 
It may be proved, conversely, that if the projections on any 
plane of the tangent to the line of striction of a ruled surface 
and of the ruling through that point of the line of striction 
coincide for all points, then, if the surface is not developable, 
all rulings make the same angle with the plane of projection. 
It may be easily proved from the preceding theorem that for 
no other ruled surface with a director plane than the right 
helicoid is the line of striction an asymptotic line. 

YaLe UNIVERSITY 


* Pp. 111, 112. 
{ Eisenhart, loc. cit., p. 243. 
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ON TRANSFORMABLE SYSTEMS AND COVARIANTS 
OF ALGEBRAIC FORMS * 


BY C. C. MACDUFFEE 


1. Introduction.—The purpose of this article is to give a 
rigorous demonstration of an important theorem in the theory 
of covariants of algebraic forms in p variables; namely, that 


if (Gi, ..., Gi) = (0, ..., 0) is an invariantive property, the 
G; being polynomials in the coefficients of the forms, there 
exists a set 14, ..., V, of relative covariants in p — 1 sets 


of cogredient variables, such that (Vi, ..., V,) = (0, ..., 0) 
when and only when (G, ---, G,) = (0, ---, 0). The 
corresponding theorem for invariants, ie., for h = 1, is 
given by Bécher, Introduction to Higher Algebra (p. 232). 
Bécher there states that “a projective relation expressed by 
the identical vanishing of a covariant or contravariant is 
typical of what we shall usually have when a single equation 
is not sufficient to express the condition.’”’ This paper shows 
that such a projective relation can in general be characterized 
by the simultaneous vanishing of a number of covariants. 

The special case of this theorem for binary forms is men- 
tioned without proof by Clebsch, Binédre Formen (p. 91). 
J. P. Gram in the MATHEMATISCHE ANNALEN (vol. 7), and J. 
Deruyts in a book entitled Essai d’une Théorie Générale des 
Formes Algébriques (Brussels, 1891) consider the characteriza- 
tion by covariants of particular forms defined by the holding 
of identical relations among their coefficients. Both proofs 
‘are incomplete, however, and Gram’s method actually leads 
to a false result in case the given conditions are non-homo- 
geneous. 


2. Transformable Systems. Consider a system of | algebraic 
forms in p variables 
(1) fiaa, V1, X2, By) = fi, (= 
- * Presented to the Society, December 28, 1922. 
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of degree r; in the variables. The linear homogeneous trans- 
formation 


(2) = 1, ---, p) 
of determinant |a|# 0 induces upon the coefficients of the 
forms (1) a system of transformations 

(3) ail = (Gj = 1, ---, qi) 
of determinants |8;| = |a|* where * k; is an integer. 

According to the usage of J. Deruyts,t a transformable 
system is defined as a system of linearly independent poly- 
nomials F,, ---, F, in the coefficients a;; which are transformed 
by (3) according to the law 
(4) = Vik 3, (a 1, 8), 
where the F;;’ are the same functions of the primed coefficients 
a;;' as the F; are of the a;;, and where the 7;; are polynomials 
in the 8;;, and hence in the a;;._ In particular, (3) is a trans- 
formable system for every 7. 

It follows that the determinant | y| of (4) is a power of |a|.t 
For if possible choose a set of numbers a;; such that |a| ~ 0 
and |y|= 0. It would then follow that the F,’ were linearly 
dependent, contrary to definition. Hence |y! is different 
from zero for all values of the aj; for which |a|# 0, and 
hence |y| = c|a|" where n is a positive integer or zero. Now 
choose a;; = 5;; and (2) becomes the identity transformation. 
Then (3) and (4) likewise become identity transformations, 
soc=1. The following theorem may now be proved. 

THEOREM. Let G,, ---,G, be a system of polynomials in the 
a;;, and Gy’,---,G;’ the same functions of the-a;;' having the 
properties that 

(a) It is possible to effect a transformation (2) making 
(Gy’,--+, Gi’) = (0, ---,0) when and only when (Gi, ---, Gr) 
= (0, ---, 0), 


* Hurwitz, Zur Invarianttheorie, MATHEMATISCHE ANNALEN, vol. 45, 
pp. 381-404. 

{ BULLETINS DE L’ACADEMIE DES SCIENCES DE BELGIQUE, (3), vol. 32 
(1896), p. 82. Deruyts requires that the F; be homogeneous, and does 
not require that they be linearly independent. ° 

t Proved more at length by Deruyts, loc. cit., p. 434 
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(b) If (Gi, rh) = (0, -,0), then (Gy,- G,’)= (0, -,0) 
is true for all transformations (2). 

Then there exists a transformable system (F,, ---, F,) such that 
---, Fs) = (0, ---, 0) when and only when ---, Gr) 
= (0, ---,0). 

The case where (G,, ---,G,) = (0, ---, 0) for no set of values 
of the a;; may be disposed of first. In this case the trans- 
formable system may consist of the integer 1, which is never 
zero and is undisturbed by the transformation (2). 

It is then permissible to assume that in the remaining case 
there actually exists at least one set of coefficients a;; for which 
(G,, ---,G,)=(0,---,0). If there are linear relations between 
the polynomials G,, ---,G,, we shall henceforth consider a 
subset G,, ---, G, which are linearly independent and have the 
property that all the G; which have been discarded are linear 
combinations with constant coefficients of them. Evidently 
(Gi, ---,G,) = (0, ---,0) when and only when (Gi, --+,G;) 
= (0, ---, 0). 

From relations (3) we can express G,’, ---, G,’ in the form 
where the ¢;; are polynomials in the 6;;, and therefore in the 
a;;. If m represent the maximum degree of the G;’ in the 
a;;, then the degree of every H; in the a;; will be = m. 

Choose the a;; so that (2) becomes the identity transforma- 
tion. Then (3) likewise become identity transformations and 
(5) becomes 

Gi =6;= eqH;, (i 9); 
where the ¢;; are constants. Since the G; are by hypothesis 
linearly independent, the rank of the matrix (¢;;) = ¢ is g. 
We assume that our notation is so chosen that the first g 
columns of the matrix form a determinant which is different 
from zero, and solve for H,, ---, H, in terms of Gj, ---, G,, 
Hosi,+++,H;. The relations (5) may, by the substitution of 
these values, be made to assume the form 

Gf = + (i=1,---,9). 


Moreover we may assume that there exists no linear relation 
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with constant coefficients between the polynomials G; and H;, 
or between the columns of the matrix 7; for in either case a 
condensation would be possible reducing the number of 
functions H;. 

It will now be shown that every H; vanishes for such values 
of the a;; as make (G,, ---, G,)=(0, ---,0). For if ¢:;is any 
particular set of values of the a;; which reduce (G;, ---, G,) to 
(0, ---, 0) and the H; to constants H j, we have by hypothesis 

(G,’, ---, G,’) = (0, ---, 0), and therefore 
Since the columns of this matrix are linearly independent, we 
have H; = 0 forj = 9+1, --+,#. 

Since the set of polynomials (G, ---,G,, Hos, ---, Hs) 
= (0, ---, 0) when and only when (Gj, ---, G;)=(0, ---, 0), we 
denote the augmented set by (Gi, ---, G,) and obtain, just as 
before, the relation 
(6) Gi = + Hy, (i=1, ---5 2). 
We consider this system of equations to be so reduced that 
no H; is expressible linearly with constant coefficients in terms 
of the G; and the remaining H;, and that the columns of the 
matrix 7’ are linearly independent. Moreover, the degree of 
every H; is = m, the maximum degree of the original poly- 
nomials G,,---,G,. Proceeding in this way, after a finite 
number of steps we reach a relation of the form (6) in which 
every H; is identically zero; for there are but a finite number 
of linearly independent polynomials of degree = m in a finite 
number of variables a;;._ This final set of G’s form our trans- 
formable system F;, ---, Fs. For (Fi, ---, Fs) = (0, ---,9) 
when and only when (G), ---,G,) = (0, ---, 0), which is true 
when and only when (Gj, ---, G,’)= (0, ---, 0), which in turn 
is true when and only when (Fy’, ---, Fs’) = (0, ---, 0). 

3. Absolute Covariants. The elements y;; of the matrix y 
of the transformation (4) are polynomials in the elements aj; 
of the transformation (2). Hence y may be considered as a 
function 7(@) of the matrix a. As was noted by Deruyts,* 


* Loc. cit., p. 437. 
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the matrix y = T(a) of a transformable system of linearly 
independent polynomials obeys the functional equation 


T(aB) = T(8)-T(a). 
Such matrices have been called invariant matrices, and the 
operation 7 an invariant operation by Schur,* who derived 
many of their properties. 
If we denote by F the matrix 


then (4) may be written F’ = yF. If p= (pi;) denote a 
non-singular constant matrix, and if we set F = pF, then 
the functions F; are linear _combinations of the F; having the 
property that (F,, ---, F:) = (0, ---, 0) when and only 
when (F), ---,F;) = (0, ---,0). From composition of trans- 
formations we have F’ = pF’ = pyF = pyp“F. Hence the 
matrix pyp is equivalent to the matrix y in the sense 
that there exists a set of functions F; which are trans- 
formed by pyp™ and which all vanish when and only 
when all the F; vanish. Schur calls a matrix 7T(a@) reducible 
if there exists a matrix equivalent to it which reduces into 
distinct blocks, i.e., if 


M, 
= 
pT (a)p ( 


The blocks M, and Mz, are themselves invariant matrices.f 
An invariant matrix is reducible into irreducible invariant 
matrices in essentially but one way,{ and the elements of an 
irreducible matrix are linearly independent homogeneous 
polynomials in the coefficients a;; of the original transformation 


* Ueber eine Klasse von Matrizen die sich einer gegebenen Matrix zuordnen 
lassen, Berlin thesis, 1901, p. 5. In this paper the functional equation is 
taken as T(ry) = T(x)-T(y). The transposes of these matrices satisfy 
the equation given above. 

* Loe. cit., p. 6. 

t Loe. cit., p. 39. 
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(2).* An irreducible matrix cannot transform a set of linearly 
dependent functions except they all be zero. 

We now consider the matrix y to be replaced by an equiv- 
alent matrix consisting of irreducible blocks. Suppose ¢ 
= T(a) is one of these blocks and K; for i = 1, ---, ¢, linear 
combinations of the F; which are transformed by this invariant 
matrix. By showing that the K; are coefficients of a covariant 
V, we show that the condition (F), ---, F,)= (0, ---, 0) can be 
replaced by the equivalent condition (V1, ---, V,)=(0, ---, 0). 

It is evident from (2) that if 2; are p systems of variables 
cogredient with the z;, then 


7,2) a ap ap) far! ay 


Denoting these matrices by XY and X’ respectively, we have 

X = aX’. Nowsince 7 is an invariant operation, where T(a) 

= g, wehave T(X) = T(X’)-¢, or, denoting the elements 

of T(X), T(X’) by respectively, we have 

Since ¢ is irreducible, the functions X;; are all linearly in- 

dependent, for X;; is the result of substituting 2; for aj; in 

the element of ¢ lying in the ith row and jth column. Now 

= Xie’ = Ki! Xu’. 

Therefore }“4=, K;X;; is an absolute covariant of the system 
of forms (1) for every value of i = 1, ---,#. 

4. Relative Covariants. We have shown that }°}=, AjXi; 
=V’;forz = 1, ---, ¢ is transformed into itself by every trans- 
formation of type (2). Moreover the X;; are linearly independ- 
ent functions of p sets of variables x; cogredient with 2;. 
We shall now show that there exists a relative covariant with 
the same coefficients as V; in p — 1 sets of cogredient variables. 


* Loc. cit., p. 56. 
T Loe. cit., p. 70. 
t Compare Deruyts, loc. cit., p. 438. 
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Let |a|* be the highest power of |a| that is contained in 
every element of the matrix ¢. We denote the quotient 
¢;;/\a|* by W;, and the result of substituting x; for aj; in 
|| by A, and the result of substituting 2 for aj in Pi by 
Y;. Then X = A“ Y, and X’ = A” Y’, where A’ and Y’ 
are the same functions of the 2,’ that A and Y are of the 
2,9. From (7) we have A =!a|A’. It follows that 

= A* K; = K;Yi;. 
Hence in this ease }°4=| K;Y;; isa relative covariant of weight 
w for 7=1, ---, t. It will now be shown that for some 7, 
Ai can be expressed in p— 1 sets of cogredient 
variables. Since at least one function 
does not contain A as a factor, and since A is irreducible, 
there is at least one set of constants ¢;; such that C = |¢;;|=0, 
and 
There is a linear relation with constant coefficients between 
the columns of C, say 
KC + t+ + 0, = 1, ---, D), 
where at least one x, say x;, is different from zero. Hence 
(8) Cir = + + + (C= 1, 
Therefore 

where Z;, is obtained from Yix(e.;) by substitution (8). 

Hence if we make the substitution 
(9) = + Aga + Apri”, (i= 1,---,p) 
upon we obtain 

Zin(ar®, «++, +++, 22, «++, +++, 0, 
for in particular it is not zero when 2; = ¢;;, (i,j = 1, «++, p). 
Transformation (9) does not destroy the cogrediency of se 
variables. Since Z,;, ¥ 0, it follows that Z;, for k = 1, 
are linearly independent. For we have 
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The polynomials Z;,A“ are transformed by the adjoint of ¢, 
and according to the theorem of Schur mentioned above, a 
matrix which transforms a system of linearly dependent 
polynomials which are not all zero is reducible. Hence if the 
Z;x,A" were linearly dependent, the matrix ¢ would be reducible, 
contrary to our assumption. 

5. Conclusion. We have proved the following theorem: 

TueorEeM. If G,,---,G,are a system of polynomials in the 
a,;, and Gy’, ---,G;! the same functions of the a;;' such that 

(Gi, ---, Gn) = (0, ---, 0) 

is an invariantive property, then there exists a set of rational 
integral relative covariants Vi, ---, V, in p—1 sets of cogredient 
variables such that (V1, ---,Vv) = (0, ---, 0) when and only 
when (Gi, Gr) = (0, ---, 0). 


PriIncETON UNIVERSITY 


A CORRECTION 
BY B. A. BERNSTEIN 


In my paper in the November number of this BULLETIN 
(vol. 28, No. 8), the word integers should be replaced by the 
word rationals in line 16 of page 398 and in the table on page 
399. 
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SHORTER NOTICES 


Trrationalzahlen. By Oskar Perron. Berlin und Leipzig, Vereinigung 
Wissenschaftlicher Verleger, 1921. viii + 186 pp. Volume I of Gés- 
chen’s Lehrbiicherei, Gruppe I, Reine Mathematik. 

Géschen’s Lehrbiicheret is to comprise works of textbook character, on 
topics chosen from the fields of mathematics, the exact sciences, and 
“Technik.” They are intended primarily for students of universities and 
of Technische Hochschulen. Each volume is assumed to cover approxi- 
mately the ground of a one semester university course. 

The volume under consideration contains two parts of essentially 
different character. While the first half may be said to give a systematic 
treatment of the notion of an irrational number and its historical develop- 
ment, the last chapters are devoted to the interesting and not very widely 
known subject of the various methods of representing irrational numbers 
and their approximation by rational numbers and to a brief discussion of 
a certain class of transcendental numbers. 

These last chapters, while not containing a large amount of new material, 
offer much that may be of interest even to professional mathematicians, 
particularly since the problem of approximation of irrational numbers is 
steadily gaining in importance and represents a difficult, but fascinating, 
field for research in which German and English mathematicians are making 
remarkable discoveries. 

The book is divided into six chapters: 

I. The foundations (32 pp.): Assuming the existence of rational numbers, 
the irrational numbers are defined by the Dedekind Schnitt. Refined 
questions of independence and consistency of the axioms employed are, in 
agreement with the character of the book, not dealt with. 

II. The notion of a limit (28 pp.): The notions upper and lower bound, 
limited, upper and lower limit of a set of numbers are introduced. The 


limit, lim an, is introduced only after the lim sup an, lim inf a, have been, in 


six pages, thoroughly established, and is defined by lim inf a, = lim sup an 
= lim a,.—Convergent sequences and infinite series are briefly considered. 
The chapter ends with a four-page historical review of the various estab- 
lished methods of introducing irrational numbers (Cauchy, Bolzano, 
Weierstrass, Dedekind, Cantor, Méray, Bachmann, etc.) and a brief 
but clear discussion of their relations to one another. 

III. Powers and logarithms (30 pp.): This chapter introduces powers 
with rational and irrational exponents, logarithms, the exponential series, 
etc., in the customary manner. It may be noted that the author, for formal 
reasons, assigns to 0° the value 1. 

IV. Various forms of representation of irrational numbers (36 pp.): The 
following representations are explained and discussed (convergence, unique- 
ness, exceptional cases, etc.) : 

(a) y = Ss=0c,/p", p an arbitrary positive integer, cy integers, 0 =c’ 
=p —1 for »=1, = p — 2 for an infinite number of »’s (systematic 
fractions). : 


‘A 
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(b) y = [bo, bi, be, ---], by positive integers (continued fractions); periodic- 
ity, Lagrange’s theorem, Lambert’s fraction for (e + 1)/(e — 1), Euler’s 
fraction for e, ete. 

(c) y =Co+ P2, Pr), Pr arbitrary positive integers, c, 
integers, 0 =cy = pp — 1 for »=1, cy =p, — 2 for an infinite number 
of v’s (Cantor’s series and Cantor’s algorithm). Irrational when infinite 
number of terms. 


1 


cand q integers, qv = 2 for v = 1 (Liiroth’s series). Irrational except when 
Ys, form a periodic sequence. 

(e-) + integers, = 2, = qr (Engel’s 
series of the first kind). Irrational except when, from a certain v on, always 
= 

(f) y=ct+ (G41), Ww integers, n = lw + 1 
(Engel’s series of the second kind). Irrational except when for all sufficiently 
large v, = (@ — +1. 


1 
g) v= (1 q positive integers, = and not all q = 1 
v= 


(Cantor’s products). Irrational except when from a certain v on qvii 
=. Cantor’s products are based on the identity 


n—1 
(1 —2)- +2) = 1 20. 


The reviewer does not know of any other place where these different 
methods of representing irrational numbers have been collected and 
discussed. 

V. Approximation to irrational numbers by means of rational numbers 
(30 pp.): This chapter offers a satisfactory elementary introduction to the 
theory of rational and diophantine approximations, which is constantly grow- 
ing in importance. Starting with the well’ known approximation to an 
irrational number £, |£ — p/q| < q-? for an infinite number of fractions 
p/q, and from Hurwitz’ complementary theorems on this inequality, the 
author advances to the proof and discussion of the following theorem 
concerning the simultaneous approximation of any finite number of given 
numbers &, +++, |g — pr/q| < for an infinite number of pv/q, 
provided the &» are not all rational. 

After considering more complicated systems, a deep-lying theorem of 
Kronecker* concerning the simultaneous approximation of a system of 
linear functions of any number of variables is derived. 

The author claims a considerable simplification as compared with 
Kronecker’s proof. The Kronecker theorem has found within the last 


* Kronecker, Ndherungsweise ganzzahlige Auflésung linearer Gleichungen, 
SITZUNGSBERICHTE DER PREUSSISCHEN AKADEMIE ZU BERLIN, 1884, p. 1179 
ff. The complete theorem is too long and complicated to be quoted here. 


‘ 
: 
Sil 


36 SHORTER NOTICES [Jan., 


years unexpected applications, for example in the theory of Riemann’s 
Zeta-function. 

VI. Algebraic and transcendental numbers (24 pp.): Besides the funda- 
mental definitions and theorems (including the proof that e and 7 are 
transcendental numbers) a certain class of transcendental numbers which 
have been called by Maillet* Liouville numbers are studied. Since Maillet 
introduced the name and made in his book a systematic (although some- 
what obscure) study of these numbers and since Perron in another work 
(Die Lehre von den Kettenbriichen, Leipzig, 1913) gives full credit to Maillet, 
it is obviously an oversight that Maillet’s book is not mentioned in the 
Trrationalzahlen. 

The literature references are arranged for each chapter separately and 
seem fairly complete. However, Minkowski, Diophantische Approxima- 
tionen, Leipzig, 1907, is not quoted. Borel, Legons sur la Théorie de la 
Croissance, Paris, 1910, pp. 118-168, might have been mentioned in connec- 
tion with chapters V, VI. It is not very satisfactory that even in the case 
of large books no page reference is given; a reference such as: L. Euler, 
Introductio in Analysin infinitorum, I, 1748 (a book of over 300 quarto 
pages, in Latin), is perhaps not easily run down. 

The only American author referred to seems to be Huntington (Trans- 


ACTIONS OF THIS Society, vol. 6 (1905). 
A. J. KEMPNER 


Grundlehren der Neueren Zahlentheorie. By Paul Bachmann. Volume III 
of Géschen’s Lehrbiicherei, Gruppe I, Reine Mathematik. Berlin und 
Leipzig, Vereinigung Wissenschaftlicher Verleger, 1921. xi + 252 pp. 
The book under discussion represents the second edition of volume LIII 

of the well known Sammlung Schubert, G. J. Géschensche Verlagshandlung, 

Leipzig, 1907. No important changes have been made. New is a chrono- 

logical table of the known proofs of the famous Law of Quadratic Reciprocity: 

fifty-six proofs from the year 1796 (Gauss’ first proof, published 1801) 

to Frobenius’ modification of Zeller’s proof, 1914., The mathematical 

basis of each proof is indicated; in thirty-two cases Gauss’ lemma or-a 
variant of Gauss’ lemma is given as the foundation. A five-page alphabetic 
index has also been added. 

Since the first edition was reviewed by J. W. Young in this BULLETIN 
(vol. 15 (1908-9), pp. 463-5), it is not necessary to consider in detail the 
mathematical contents of this excellent little book. The small corrections 
which were suggested in this review have been carried out. 

The new edition is posthumous; it contains a five-page necrology, 
Zum Gedéachtnisse von Paul Bachmann, by Robert Haussner. Bachmann’s 
influence in stimulating interest in the theory of numbers has been so 
great that American readers may be interested in a few notes concerning 


1906, particularly chapters II, III. 
{ A less complete table is contained in Bachmann’s Niedere Zahlentheorie, 
vol. I, p. 203 ff. 


; his life and his work. 
; * Maillet, Introduction a la Théorie des Nombres Transcendants, Paris, 
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Paul Bachmann, born Berlin, June 22, 1837; studied mathematics 
1855-1862 at Gottingen and Berlin (at Géttingen, together with Dedekind, 
under Dirichlet); Privatdozent at Breslau, 1864; ausserordentlicher 
Professor, Breslau, 1867; Professor at the Akademische Lehranstalt, 
Miinster i. W., 1873; retired 1890; did not occupy an official position 
from this time on until his death, March 31, 1920. 

Bachmann’s influence is based, not so much on his original contributions 
to mathematics,* as on his series of scientific textbooks on the theory of 
numbers. It was his ambition to cover in these books the total field of 
this theory. 

The Gesamidarstellung included, up to the time of Bachmann’s death, 
the following volumes: 

I. Elemente der Zahlentheorie, 1892,’ 

Il. Analytische Zahlentheorie, 1894, 

Ill. Lehre von der Kreisteilung, 1872, 

IV (1). Arithmetik der quadratischen Formen, 1898, 

IV (2). (Uber Reduktion der Formen), 

V. Arithmetik der Zahlenkérper, 1905. 

Of these, IV (2) was finished in manuscript in 1915, but could not, on 
account of economic conditions in Germany, be published, although “nach 
dem iibereinstimmenden Urteile aller Mathematiker, die das Manuscript 
kennen gelernt haben, ein ganz ausgezeichnetes Werk vorliegt.”” For a 
second volume of V, Uber spezielle Zahlenkérper, only preliminary work 
was carried out. 

Besides the Gesamidarstellung, Bachmann has published several books: 

Vorlesungen tiber die Natur der Irrationalzahlen, 1892, 

Niedere Zahlentheorie, vol. 1, 1902, 

Niedere Zahlentheorie, vol. 11, 1910 (Additive Zahlentheorie), 

Grundlehren der Neueren Zahlentheorie, 1907 (2d ed. 1921), 

Das Fermatproblem in seiner bisherigen Entwicklung, 1919. 

The difficulty of carrying out the program outlined by this list will be 
realized by every mathematician familiar with the theory of numbers. 
With admirable skill Bachmann brings out underlying unifying prin- 
ciples and, even in such fields as the additive theory of numbers, traces the 
threads connecting a large number of apparently disconnected results. 

Since many of the books—for example those dealing with the analytic 
theory and with the additive theory—were written at a period when these 
branches of mathematics were in a stage of vigorous development, it is 
inevitable that some of the volumes no longer adequately represent the 
complete theory; but for a long time to come it will be safe to advise 
any student interested in the theory of numbers to study carefully Bach- 
mann’s works. Perhaps the highest praise one can give these books is 
to emphasize that the progress in mathematics which has made a few of 
them appear slightly antiquated is probably in no small measure due to 
the interest aroused by them. 


A. J. KEMPNER 


* This statement should not be interpreted as a criticism of the value 
of his original contributions. 
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Etude Géométrique des Transformations Birationnelles et des Courbes Planes. 
By Henri Malet. Paris, Gauthier-Villars et Cie., 1921. viii + 259 pp- 


About half of this book is devoted to the study of plane curves and the 
linear transformation, the remainder to the quadratic and the general 
birational transformation. According to the preface it is the work of an 
engineer—the product of leisure hours at the front. The writer appears 
to be acquainted with the works of the older French geometers but entirely 
out of touch with modern developments. Only a score of references to 
some twelve mathematicians were noted. Of these Cremona is the most 
recent. The names of Cayley, Noether, Clebsch, Bertini, S. Kantor do 
not appear, nor is any present-day treatise mentioned. 

The treatment, characterized as geometric, is based neither on a system 
of axioms nor on a set of theorems proved analytically. It is rather 
descriptive and intuitional. Though the book may be useful as collateral 
reading, it is not a safe guide for the novice. For example, the last two 
theorems (pp. 250, 255), which state that any two birationally related 
curves can be transformed the one into the other by a birational trans- 
formation of the plane (a Cremona transformation), are not correct. 


ArtuurR B. CoBLe 


The Fourth Dimension. By E. H. Neville. Cambridge, University Press, 
1921. 56 pp. 


This little book is intended by the author to serve as an introduction 
for the general reader to the notions of four-dimensional space, this topic 
having become of interest to large numbers ef laymen on account of the wide 
general interest in the work of Einstein and the theory of relativity. 

The author presupposes the reader to be familiar only with elementary 
trigonometry and with the solution of simultaneous linear equations in 
algebra and, while literally his treatment justifies this supposition, a con- 
siderable knowledge of linear equations and of linear dependence is neces- 
sary as well as a considerable mathematical maturity. The treatment is 
purely analytic and constitutes indeed a construction of four-dimensional 
analytic space on the foundation of the real number system. The book is 
written in the spirit of mathematical foundations and is remarkable for 
its rigor and precision of statement. It is difficult for the reviewer to see 
how the book ean be of interest to any large class of readers in this country. 
It is too abstract and presupposes too much mathematical maturity for 
the lay reader; on the other hand, individuals having sufficient mathe- 
matical training to appreciate the author’s exposition are very likely not 
to need it. The book seems to the reviewer of interest primarily as giving 
the details necessary for constructing an abstract space on a purely analytic 
foundation. The introduction of the ideas of direction and measurement 
of angles in this connection is of special interest. As a popular introduction 
to the terms and notions used in the discussion of the theory of relativity, 
it can be of little use for the reasons already mentioned. 

J. W. Youne 
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An Introduction to Electrodynamics. By Leigh Page. Boston, Ginn and 

Company, 1922. 6 + 134 pp. 

This book fills a gap between more advanced mathematical treatments 
and the purely physical expositions. It will be found very valuable on 
this account and because of its conciseness. The reviewer is sure that it 
would form a solid basis for an advanced course in mathematical physics. 

Nevertheless there are certain criticisms which depend, perhaps, on 
mere personal taste. The author objects to the usual introduction through 
the laws of Coulomb, Ampére, and Faraday. Surely these laws are not 
of mere historical interest. They also constitute the foundation of the 
concepts of electrodynamics. 

Professor Page has preferred to base his theory on the existence of 
electrons, on the principle of relativity, and on the hypothesis of “‘elements”’ 
moving with the speed of light throughout the space surrounding each 
individual electron. There is not room for a full reasoned criticism of 
this last hypothesis—as a basis for an introductory textbook. But in 
the present uncertain state of electric and dynamic theory it is better to 
keep in touch as far as possible with well-established experimental results. 

The discussion on page 10 of related and ideal reference systems is not 
at all clear and appears to lack a little in rigor. 

At the end of Chapter 4 the radius of the negative electron is asserted 
to be 1.88 X 107% ems. as if it did not depend on special assumptions 
with regard to the structure of which we know exactly nothing. 


An index would have made the book more useful. 
P. J. DANIELL 


Wahrscheinlichkeitsrechnung und ihre Anwendung auf Fehlerausgleichung, 
Statistik, und Lebensversicherung. By Emanuel Czuber. Vol. II, Third 
Edition. Leipzig and Berlin, Teubner, 1921. x + 470 pp. 

Die statistichen Forschungsmethoden. By Emanuel Czuber. Wien, L. W. 
Seidel und Sohn, 1921. x + 238 pp. 


The first of these books may be properly regarded as a reprint of the 
second edition (1910) with minor changes including a renumbering of the 
articles to make Volume II a continuation of the revised Volume I. 

The second book seems to have been inspired largely by Yule’s contri- 
butions to statistical theory. In fact, Yule’s theory of the statistics of 
attributes, including the notation, is given in the first 34 pages of the book, 
and the outline of the entire book follows closely Yule’s Introduction to the 
Theory of Statistics. Features of the book that appeal to the reviewer 
particularly are the inclusion of the summation method of computing the 
arithmetic mean and standard deviation, the derivation of the Poisson 
exponential limit in dealing with the problem of small probabilities, the 
treatment of the stability of percentiles, and the effective presentation of 
concrete illustrations. The treatment of correlation theory follows Yule 
closely. Throughout the book, the exposition of theory seems especially 
clear; but, on account of the fact that the development of theory follows 
Yule so closely, the book will be useful to the American student and 
teacher of ‘statistics mainly as a source of concrete illustrations. 

H. L. Rrerz 
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Der Kreisel. By R. Grammel. Braunschweig, Vieweg and Son, 1920. 

10 + 350 pp. 

The book opens with vector analysis and the mechanies of rigid bodies. 
The rotating body under no forces is handled with clarity and special 
consideration to physical concepts. There is then taken up the problem 
of a rotating body whose axis is forced to move along a given path. The 
“gyroscopic couple’ which is required in this case is used continually in 
the discussions in the remainder of the book. There are plentiful appli- 
eations—to vehicles, ships, the gyroscopic compass and other stabilizing 
gyroscopes. The hanging and the stabilized monorail are both considered 
and the treatment of the aeroplane is full. There is even some reference 
to gyroscopic action in atoms. 

Dr. Grammel believes that a reform is necessary to replace long-winded 
phrases by simple words, to correspond to the simplicity of the ideas 
expressed. There is room for an interesting discussion among American 
mathematical engineers on this topic; but the modern man uses many 
long technical terms quite naturally. Perhaps ‘moment of momentum’ 
and ‘moment of inertia’ might be discarded with advantage. 

The book is to be highly recommended for its attention to basic prin- 
ciples. In studying the bicycle, for example, the theory of a riderless 
mechanism is omitted because it has no value. It is replaced by a state- 
ment as to the general mechanical properties. The book does not take 
the place of a complete mathematical treatise on rotating systems, but 
there is no diffidence in the use of mathematics as a hand-maid. The 
illustrations are striking and a valuable engineering course might be given 


with this book as a foundation. 
P. J. 


Mathematica Delectans. By Dr. G. Kowalewski. Heft I. Boss Puzzle 
und Verwandte Spiele. Leipzig, Wilhelm Engelmann, 1921., 72 pp. 
This little book is the first of a projected series on mathematical rec- 

reations and games which Professor Kowalewski proposes to publish. 

This first volume is concerned with the so-called boss puzzle or what is 

more familiarly known in this country as the fifteen puzzle. He finds that all 

possible configurations fall into two equal classes and that all the con- 
figurations of one class are equivalent under the allowable motions among 
themselves, but that no configuration of one class is equivalent to any 
configuration of the other. The latter part of the booklet is devoted to 
various generalizations of the boss puzzle in which the ideas previously 
introduced are effectively applied. The book is so elementary in character 
that it would hardly justify a notice in the BULLETIN were it not for the 
fact that the abstract ideas involved are of very general application and 
wide interest, especially as exhibited in the discussion towards the end of 
the booklet. The succeeding volumes of the proposed series will be awaited 
with much interest. The author has struck a new note and, I feel inclined 
to say, established a new standard regarding the treatment of problems 
ordinarily held to be outside the field of serious mathematical endeavor. 

J. W. Youne 
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NOTES 

The third numher of volume 22 (1921) of the TRANSACTIONS OF THIS 
Society contains the following papers: Polynomials and their residue 
systems (continued), by A. J. Kempner; On certain two-point properties’ of 
general families of curves, by J. Douglas; Properties of the solutions of cer- 
tain functional differential equations, by W. B. Fite; Note on a class of 
polynomials of approximation, by D. Jackson; On certain numerical invari- 
ants of algebraic varieties with application to Abelian varieties, by 8. Lefschetz. 


The second number of volume 23 (1922) of the TRANSACTIONS OF THIS 
Society contains the following papers: Differential geometry of the complex 
plane, by J. L. Coolidge; Invariantive characterizations of linear algebras 
with the associative law not assumed, by C. C. MacDuffee; Curves invariant 
under point-transformations of special type, by Mary F. Curtis; Die Zerlegung 
von Primzahlen in algebraischen Zahlkérpern, by Andreas Speiser; The 
elliptic modular functions associated with the elliptic norm curve E’, by Roscoe 
Woods; Linear equations with two parameters, by Anna J. Pell; The theory 
of functions of one Boolean variable, by Karl Schmidt. 


On account of the reduction of stock due to unusual sales, the pre- 
viously announced reduced prices on the publications of this Society have 
been withdrawn. A new schedule of prices will appear in the February 
issue. 


Professor C. Segre, of the board of editors of the ANNALI D1 MaTE- 
MATICA, PURA ED APPLICATA, has written to Professor Virgil Snyder ex- 
pressing the thanks of the board for the cash contributions and the new 
subscriptions received through the cooperation of the American Mathe- 
matical Society. These subscriptions will begin with volume 32 of the 
third series, the first number of which will be issued soon. 


At a meeting of the Executive Committee of the Division of Physical 
Sciences of the National Research Council, in Boston on December 26, 
1922, Professor Oswald Veblen was elected Vice-Chairman of the Division 
for the year 1922-23. 


Sir Ernest Rutherford has been elected president of the British Associa- 
tion for the Advancement of Science, in succession to Sir C. 8S. Sherrington. 
The Association will meet at Liverpool in the summer of 1923. 


At the meeting of scientists held at Leipzig in September, 1922, pre- 
liminary steps were taken to found a new society for the advancement of 
the theoretical engineering sciences, including mechanics and applied 
mathematics. A committee was formed, with Professor L. Prandtl, of 
Géttingen, as chairman, to complete the organization, and to propose a 
suitable name for the society. 


The Jablonowski Society has awarded its prize for a memoir on addition 
theorems (see this BULLETIN, vol. 26, p. 332) to Dr. P. J. Myrberg. of the 
University of Helsingfors. 


| 
| 


42 NOTES [Jan., 


The firm of Ulrico Hoepli, in Milan, has recently printed a chronological 
catalogue of its publications from 1872 to 1922, in commemoration of the 
fiftieth anniversary of its foundation. This house has published, besides 
the Manuali Hoepli, the collected works of Beltrami, Betti, Brioschi, 
and Cremona. 


Mr. Walter Denston, formerly of the Imperial Naval Engineering 
College, Kronstadt, Russia, has been appointed assistant professor of 
mathematics at Kenyon College. 


Associate Professor Mary E. Sinclair, of Oberlin College, is on leave of 
absence during the second semester of 1922-23 as holder of the Pratt 
Fellowship of the National Association of University Women, and is 
studying at the University of Chicago. 


At Purdue University, Mr. W. H. Lyons has been appointed instructor 
in mathematics. 


At the University of Michigan, Professor W. H. Butts has retired after 
serving twenty-four years as instructor and professor of mathematics and 
fourteen years as assistant dean of the Colleges of Engineering and Archi- 
tecture. He has been appointed professor emeritus. Mr. Clair Reid, 
instructor at Purdue University, has been appointed instructor. 


Dr. C. C. Wylie is associate in astronomy and acting head of the 
department at the University of Illinois. 


Dr. C. R. Adams of Harvard University has been appointed instructor 
in mathematics at Brown University for the year 1923-1924. 


Mr. Paul Bruck, Astronomer Adjoint at the observatory of Besangon, 
died July 31, 1922, at the age of sixty-six years. 


Professor H. F. Buchholz, of the University of Halle, died November 
24, 1921, at the age of fifty-five years. 


Professor Jacob Rosanes, of the University of Breslau, died January 7, 
1922, at the age of seventy-nine years. 

Lieut. Col. P. J. B. H. Brocard, well known for his work in the geom- 
etry of the triangle, died January 16, 1922, at the age of seventy-six years. 


Professor A. N. Favaro, of the University of Padua, died September 30, 
1922, at the age of seventy-five years. 


Dr. C. G. Knott, reader in applied mathematics at the University of 
Edinburgh, died October 26, 1922, at the age of sixty-six years. 


Professor Frederick Anderegg, of Oberlin College, died October 9, 1922, 
at the age of seventy years. 


Professor 8. 8. Keller, head of the department of mathematics at the 
Carnegie Institute of Technology, died January 12, 1923. 
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NEW PUBLICATIONS 


PART I. PURE MATHEMATICS 


Bassett (R.). Dalton plan assignments. II: Mathematics and science. 
London, Bell, 1922. 64 pp. 

BREITENSTEINS REPETITORIUM. Repetitorium der héheren Mathematik. 
Erster Teil: Differentialrechnung. Von F.Huneke. 2te neuverfasste 
Auflage. Leipzig, Barth, 1922. 6 + 160 pp. 

(E.) und Vasexui (C.). Aufgaben aus der reinen und angewandten 
Mathematik. iter Band. Wien, Gerold, 1922. 

Fazzart (G.). Elementi di aritmetica con note storiche e numerose 
questioni varie per le scuole medie superiori. 6a edizione. Palermo, 
Trimarchi, 1923. 196 pp. 

Huneke (F.). See BreirensteIns REPETITORIUM. 

Knieses (W.). Ueber das Hypersoma. (Diss.) Bonn, 1921. 

Kraitcuik (M.). Théorie des nombres. Avec une préface de M. 
d’Ocagne. Paris, Gauthier-Villars, 1922. 10 + 229 pp. 

Line (G. H.), Wentwortsu (G.), and Smitu (D. E.). Elements of pro- 
jective geometry. Boston, Ginn, 1922. 6 + 186 pp. $2.80 

Monrtet (P.). See Vessiot (E.). 

Myrserc (L.). Ueber Systeme analytischer Funktionen, welche ein 
Additions theorem besitzen. (Preisschriften gekrént und heraus- 
gegeben von der Fiirstlich Jablonowskischen Gesellschaft zu Leipzig.) 
Leipzig, Teubner, 1922. 24 pp. 

NEUBAUER (E.). Globoidschneckenlinien, globoidische Strahlensysteme 
und Regelfliichen. (Diss., Halle-Wittenberg.) Ha!le, 1922. 

D’OcaAGNE (M.). See Kraitcuik (M.). 

Pearson (K). Tables of the incomplete T-function. Edited by Karl 
Pearson. London, His Majesty’s Stationery Office, 1922. 4to, 
32 + 164 pp. 

Picarp (E.). Discours et mélanges. Paris, Gauthier-Villars, 1922. 
5 + 292 pp. 

Smita (D. E.). See Line (G. H.). 

Smita (H. B.). Foundations of formal logic. Philadelphia, University of 
Pennsylvania Press, 1922. S8vo. 56 pp. 

ToneLu (L.). Fondamenti di caleolo delle variazioni. Volume 1. 
Bologna, Zanichelli, 1921. S8vo. 466 pp. 

Vase. (C.). See (E.). 

Vessiot (E.) et Monten (P.). Cours de mathématiques générales, pro- 
fessé 4 la Faculté des Sciences de Paris en 1919-1920. Paris, Librairie 
de l’Enseignement technique, 1921. 8vo. 504 + 582 pp. 

WeEntTWoRTH (G.). See Line (G. H.). 

Wuiteneap (A. N.). The rhythm of education. London, Christophers, 


1922. 30 pp. 
Woops (F.S.). Higher geometry. An introduction to advanced methods 
in analytic geometry. Boston, Ginn, 1922. 10 + 423 pp. $5.00 
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PART II. APPLIED MATHEMATICS 


AcHALME (—.). Les édifices physico-chimiques. Tome 1: L’atome, sa 
structure, sa forme. Tome 2: La molécule. Equilibres et réactions 
chimiques. Paris, Payot, 1921-1922. 246 + 232 pp. 

A1cNer (E.). Unterwasserschalltechnik. Grundlagen, Ziele, und Gren- 
zen. (Submarine Akustik in Theorie und Praxis.) Berlin, M. Krayn, 
1922. S8vo. 332 pp. 

Auuiata (G.). Verstand contra Relativitaét. Zum Nachweis der Trans- 
lation des Sonnensystems. Leipzig, Hillmann, 1922. S8vo. 83 pp. 

Auiorra (A.). Teoria d’Einstein. Le mutevoli prospettive del mondo. 
Palermo, R. Sandron, 1922. 8vo. 130 pp. 

Anprews (E. §.). An introduction to applied mechanics. Cambridge, 
1920. 

Avsert (P.) et Papenier (G.). Exercices de mécanique. 2e édition. 
Paris, Vuibert, 1921. 8vo. 356 pp. 

AUTENRIETH (E.). Technische Mechanik. 3te Verbesserte Auflage. Neu- 
bearbeitet von M. Ensslin. Berlin, Springer, 1922. 15 + 564 pp. 

BancGert (K.). Masse und Masssysteme mit besonderer Beriicksichtigung 
der Elektrotechnik. Leipzig, Kesselringsche Hofbuchhandlung, 1922. 
8vo. 8 + 110 pp. 

Barker (T. V.). Graphical and tabular methods in crystallography as 
the foundation for a new system of practice. London, T. Murby, 
1922. 16 + 152 pp. 

Bayuiss (W. M.). Life and the laws of thermodynamics. London, 
Oxford University Press, 1922. S8vo. 12 pp. 

Bepett (F.). The airplane. New York, Van Nostrand, 1920. 257 pp. 

$3.00 

Becuin (H.). Statique et dynamique. Tomes 1-2. Paris, Colin, 1921. 
16mo. 

Be.ot (E.). Exposition synthétique de l’origine dualiste des mondes. 
Cosmogonie tourbillonaire. Paris, Presses Universitaires de France, 
1922. 


Bencker (H.). Introduction 4 l’examen des compas gyroscopiques. ° 


Paris et Liége, Béranger, 1921. 8vo. 85 pp. 

Bertuoup (A.). Les nouvelles conceptions de la matiére et de l’atome. 
Paris, Doin, 1923. 18mo. 314 pp. 

BrineuaM (E. C.). Fluidity and plasticity. New York and London, 
Maemillan, 1922. 11 + 440 pp. 

Bioca (L.). Le principe de la relativité et la théorie d’Einstein. Paris, 
Gauthier-Villars, 1922. 3 + 42 pp. 

Bour (N.). Drei Aufsitze iiber Spektren und Atombau. Leipzig, 
Vieweg, 1922. 8vo. 7 + 148 pp. 

Bott (M.). Euelide, Galilée, Newton, Einstein. Paris, Editions 
d’Actualité, 1922. 12mo. 32 pp. 

Bottert (K.). Einsteins Relativititstheorie und ihre Stellung im System 
der Gesamter!:.hrung. Dresden, Steinkopff, 1921. 8vo. 70 pp.. 
BottzMann (L.). Vorlesungen iiber die Prinzipe der Mechanik. Iter 

Teil, 3ter Abdruck; 2ter Teil, 2ter Abdruck. Leipzig, Barth, 1922. 
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Boret (E.). See Pacorre (J.). 

Born (M.). Die Relativititstheorie Einsteins und seine physikalischen 
Grundlagen. 3te, verbesserte Auflage. Berlin, Springer, 1922. 12 
+ 268 pp. 

Bovcuer (P.). Essai d’optique sur la gradation de la lumiére. (Les 
Maitres de la Pensée scientifique.) Paris, Gauthier-Villars, 1922. 
16mo. 20 + 130 pp. 

Bot vin (J.). Cours de mécanique appliquée aux machines. 6e volume: 
Machines et chaudiéres marines et leurs appareils auxiliéres. 8e 
volume: Compresseurs, transmission du travail 4 distance, appareils 
de levage. Paris, Michel, 1921. 

Bovreuicnon (P.). Cours de cinématique théorique et appliquée. 3e 
édition. 2 volumes. Paris, Vuibert, 1920. 180 + 430 pp. 

Bovssinesq (J.). Cours de physique mathématique de la Faculté des 
Sciences. Compléments au Tome 3. Paris, Gauthier-Villars, 1922. 
48 + 217 pp. 

Bricarp (R.). Cinématique et mécanismes. Paris, Armand Colin, 1921. 
16mo. 212 pp. 

Busu (V.). See Timpie (W. H.). 

Catvert (W. J. R.). Heat. London, Arnold, 1922. 8vo. 8 + 336 pp. 

Capstick (J. W.). Sound. An elementary text-book for schools and 
colleges. 2dedition. Cambridge, University Press, 1922. 8 + 303 pp. 

Carman (A. P.). See Durr (A. W.). 

Carpenter (T. M.). Tables, factors and formulas for computing respira- 
tory exchange and biological transformations of energy. Washington, 


Carnegie Institution, 1921. 123 pp. $2.00 
Carr (H. W.). A theory of monads. Outlines of the philosophy of the 
theory of relativity. New York, 1922. 359 pp. $5.00 


CasstrER (E.). Zur Einstein’schen Relativitatstheorie. Erkenntnis- 
theoretische Betrachtungen. Berlin, B. Cassirer, 1921. Svo. 134 pp. 

Cuapen (G.). Ether-Electricité-Relativivisme. Paris, Gauthier-Villars, 
1922. 8vo. 40 pp. 

CrrisTIANsEN (C.) und (J. J. C.). Elemente der theoretischen 
Physik. 4te Auflage. Leipzig, Barth, 1921. 24 + 680 pp. 

Cuwotson (O. D.). Lehrbuch der Physik. 2te Auflage. Band 2, 
Abteilung 2: Die Lehre von der strahlenden Energie. Braunschweig, 
Vieweg, 1922. 15 + 895 pp. 

Covtovrier (G.). Cours d’hydraulique, drainage et irrigations. Cours 
élémentaire. Paris, Doin, 1921. 260 pp. 

DanNEMANN (F.). Die Naturwissenschaften in ihrer Entwicklung und in 
ihrem Zusammenhange dargestellt. 2te vermehrte und verbesserte 
Auflage. ter und 2ter Band. Leipzig, Engelmann, 1920-21. 12 
+ 486 + 10+ 508 pp. 

Davat (M.). Construction des réseaux d’énergie. (Bibliothéque Profes- 
sionelle.) Paris, Bailliére, 1922. 8 + 275 pp. 

Dessau (B.). Lehrbuch der Physik. Band 1: Mechanik, Akustik, 
Wirmelehre. Leipzig, Barth,.1922. 8 + 667 pp. 
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Devitters (R.). La dynamique de l’avion. Paris, Librairie Aéronau- 
tique, 1922. 291 pp. 

Dincuer (H.}. Relativitiitstheorie und Oekonomieprinzip. Leipzig, Hir- 
zel, 1922. Svo. 70 pp. 

Dovustet (E.). Histoire de l’astronomie. Paris, Doin, 1922. 16mo. 
680 pp. 

Durr (A. W.). A text-book of physics. Edited by A. W. Duff; contrib- 
utors, A. W. Duff, E. P. Lewis, A. P. Carman, R. K. McClung, C. E. 
Mendenhall. Fifth edition, revised. Philadelphia, Blakiston, 1921. 
14 + 700 pp. 

Duncan (J.). An introduction to engineering drawing. London, Mac- 
millan, 1922. 10 + 158 pp. 

Eppincton (A. 8.). The Romanes lecture, 1922: The theory of relativity 
and its influence on scientific thought. Oxford, Clarendon Press, 
1922. 32 pp. 

Ernstern (A.). Vier Vorlesungen iiber Relativititstheorie, gehalten im 
Mai 1921 an der Universitit Princeton. Braunschweig, Vieweg, 1922. 
3 + 70 pp. 

Enssiin (M.). See AUTENRIETH (E.). 

Ever (L.). Opera omnia. Series Il: Opera mechanica et astronomica. 
XIV: Neue Grundsiitze der Artillerie aus dem Englischen des Herrn 
Robins iibersetzt und mit vielen Anmerkungen versehen. Mit vier 
ballistischen Abhandlungen. Herausgegeben von F. R. Scherrer. 
Leipzig, Teubner, 1922. 30 + 484 pp. 

FRAENCKEL (A.). Theorie der Wechselstréme. 2te, erweiterte und ver- 
besserte Auflage. Berlin, Springer, 1921. S8vo. 7 + 352 pp. 

GEITLER (J.). Elektromagnetische Schwingungen und Wellen. 2te, 
erweiterte Auflage. Braunschweig, 1921. 

Govupvie (W. E.). Total heat entropy diagrams and nomograms for 
calculation of total heat and specific volume of superheated and 
supersaturated steam from steam turbines. 2d edition. London, 
Longmans, 1922. 

Grarr (K.). Astrophysik. 3te, véllig neugearbeitete Auflage von J. 
Scheiners ‘“‘Populiire Astrophysik.” Leipzig, Teubner, 1922. 8 
+ 459 pp. 

Grassi (G.). Corso di elettrotecnica. 6a edizione. Torino, Societa 
Tipografico-Editrice Nazionale, 1922. 8vo. 271 pp. 

Haace (J.). Cours complet de mathématiques spéciales. Tome 3: Mé- 
eanique. Paris, Gauthier-Villars, 1922. Svo. 188 pp. 

Hate (G. E.). The new heavens. New York, Scribners, 1922. S8vo. 
15 + 88 pp. 

Hatt (W.S.). Descriptive geometry. New York, 1922. 123 pp. $2.50 

Heavisiwe (QO). Electromagnetic theory. Reissue in 3 volumes. Lon- 
don, Benn, 1922. 22 + 466 + 16 + 547 + 519 pp. 

von Hore (C.). Fernoptik. 2te, verbesserte Auflage. Leipzig, Barth, 
1921. 6 + 166 pp. 

Israex (O.). Feldbuch fir geoditische Praktiker nebst Zusammenstellung 
der wichtigsten Methoden und Regeln sowie ausgefiihrten Musterbei- 
spielen. Leipzig, Teubner, 1920. 
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JANET (P.). Legons d’électrotechnique générale. Tome 2. 5e édition, 
revue et augmentée. Paris, Gauthier-Villars, 1922. 452 pp. 

Kenne.ty (A. E.). Les applications élémentaires des fonctions hyper- 
boliques 4 la science de l’engénieur électricien. Paris, Gauthier- 
Villars, 1922. 8 + 153 pp. 

KircuBercer (P.). La théorie de la relativité exposée sans .mathéma- 
tiques. Traduction frangaise. Paris, Payot, 1922. 16mo. 218 pp. 

Kuavs (A.). Atome, Elektronen, Quanten. Die Entwicklung der Molek- 
ularphysik in elementarer Darstellung. Berlin, Winckelmann, 1921. 
8vo. 100 pp. 

Koeuscu (K.). Das spirelige Wesen der Wellen in Anwendung auf Licht 
und Farben. Hannover, Helwingsche Verlagsbuchhandlung, 1922. 

- 95 pp. 

Letanp (O. M.). Practical least squares. New York, McGraw-Hill, 
1921. 14 + 237 pp. : 

Liémeray (E. M.). Lecons élémentaires sur la gravitation, d’aprés la 
théorie d’Einstein. Paris, Gauthier-Villars, 1921. 

LenarpD (P.). Ueber Kathodenstrahlen. Nobel-Vortrag. 2te, durch 
viele Zusiitze vermehrte Auflage. Berlin, Vereinigung wissenschaft- 
licher Verleger, 1920. 

Levi-Civita (T.). Qiiestiones de mecanica clissica i relativista. Con- 
feréncias donades el Gener de 1921. Barcelona, Institut d’Estudios 
Catalans. 8vo. 8 + 151 pp. 

Lewis (E. P.). See Durr (A. W.). 

Lomsarpi (L.). Corso teorico-pratico di elettrotecnica. Volume 1. 3a 
edizione. Milano, Vailardi, 1922. Svo. 12 + 624 pp. 

LupEnporrr (H.). See Newcoms (S.}. 

Lupwic (W.). Lehrbuch der darstellenden Geometrie. Tei! 2: Das recht- 
winklige Zweitafelsystem. Kegelschnitte, Durchdringungskurven, 
Schraubenlinie. Berlin, Springer, 1922. 6 + 134 pp. . 

Liscuer (H.). Photogrammetrie. Einfache Stereo- und Luftphoto- 
grammetrie. Leipzig, Teubner, 1920. 

(R. K.). See Durr (A. W.). 

Maiiarp (L.). Cosmogonie et gravitation. 2 mémoires. Paris, Gau- 
thier-Villars, 1922. 8vo. 40 pp. 

Maturk (D. N.). Optical theories. Based on lectures delivered before 
the Calcutta University. 2d edition, revised. Cambridge, University 
Press, 1921. 7 + 202 pp. 

MENDENHALL (C. E.). See Durr (A. W.). 

Meru (P.). Theorie der Planetenbewegung. 2te Auflage. Leipzig, 
Teubner, 1921. 2 + 54 pp. 

Minevr (P.). Problémes et épures de géométrie descriptive. Paris, 
Vuibert, 1920. S8vo. 204 pp. 

DE MontmMénarp (L. P.). Nouvelle théorie sur l’évolution de la terre et 
des mondes compréhensible pour tout. Paris, Librairie Perlican, 
1922. 142 pp. 

Morevx (T.). Pour comprendre Einstein. Paris, Doin, 1922. 16mo. 
246 pp. 
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(J. J. C.). See Curistransen (C.). 

Newcoms (S.). Newcomb-Engelmanns populiire Astronomie. Heraus- 
gegeben von H. Ludendorff. 6te, umgearbeitete Auflage. Leipzig, 
Engelmann, 1921. 12 + 889 pp. 

NorpMann (C.). Einstein et l’univers. Paris, Hachette, 1921. 12mo. 
222 pp. 

Pacotre (J.). La physique théorique nouvelle. Preface d’Emile Borel. 
Paris, Gauthier-Villars, 1921. 8vo. 8 + 182 pp. 

Painteve (P.). Les axiomes de la mécanique (examen critique). (Les 
Maitres de la Pensée Scientifique.) Paris, Gauthier-Villars, 1922. 
112 pp. 

Papewier (G.). See AuBert (P.). 

Peror (A.). Etude dynamique des voitures automobiles. Tome 3. 
Paris, Gauthier-Villars, 1921. 

(M.). Einfiihrung in die Mechanik deformierbarer K6rper. 
Leipzig, Hirzel, 1922. S8vo. 193 pp. 

Pomey (J. B.). Analogies mécaniques de l’électricité. Paris, Gauthier- 
Villars, 1921. 

RreseseEuy (P.). Steuer-Mathematik. Die Fehler in den Reichssteuer- 
tarifen. Hamburg, Henri Grand, 1922. 32 pp. 

Rostns (B.). See (L.). 

Roy (L.). Cours de mécanique appliquée. Tome 2: Statique graphique 
et résistance des matériaux. Paris, Gauthier-Villars, 1921. 8vo. 
213 pp. 

von SanpveEN (H.). Praktische Mathematik. Berlin und Wien, Urban 
und Schwarzenberg, 1920. 

Scuaerer (C.). Einfihrung in die theoretische Physik. Band 2, Teil 1: 
Theorie der Wirme, Molekular-kinetische Theorie der Materie. 
Berlin, Vereinigung wissenschaftlicher Verleger, 1921. 562 pp. 

ScHEINER (J.). See Grarr (K.). 

Scuerrer (F. R.). See (L.). 

Scuips (M.). Mathematik und Biologie. Leipzig, 1922. 

Scumipt (H.). Weltither, Elektrizitit, Materie. Physikalische Fragen 
der Gegenwart. Hamburg, Hartung, 1921. S8vo. 124 pp. 

Stark (J.). Die elektrischen Quanten. 2te umgearbeitete Auflage. 
Leipzig, Hirzel, 1922. 8vo. 7.+ 95 pp. 

Srrutr (J. W.). (Baron Rayteicu.) Scientific papers. Volume 6 
(1911-1919). Cambridge, University Press, 1920. 8vo. 16 +718 


pp. 

Swinpin (N.). The flow of liquids in pipes. (Chemical Engineering 
Library.) London, Benn, 1922. 64 pp. 

Trupie (W. H.) and Buss (V.). Principles of electrical engineering. 
New York, Wiley, 1922. 8vo. 8 + 513 pp. 

Wuirexeap (A. N.). The principles of relativity, with applications to 
physical science. Cambridge, University Press, 1922. 8vo. 12 
+ 190 pp. 
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OFFICIAL NOTICES 


JOURNALS OF THIS SOCIETY 


On account of the reduction of stock due to 

unusual sales, the previously announced reduced 

prices on the publications of this Society are 

hereby withdrawn. A new schedule of prices 
will appear in the February issue. 


Committee on Sales of Publications, 


A. B. Cosie, E. R. Hepricx, W. R. LONGLEY 
(Chairman). 


FROM THE LIBRARY OF THE LATE 
MAXIME BOCHER 


The Committee on Sales, on behalf of the heirs of the late 
Maxime Bécher, offer for sale the following periodicals from 
his library: 


THIS BULLETIN. 
One Complete set, 1891-1918, 27 volumes, $100.00 


This set comprises the NEw York BULLETIN, Vols. 1-3, which are scarce, 
this BULLETIN, vols. 1-10, which are rare, and all other volumes to 1918. All 
but the last four volumes are bound, and all are in good condition. The set 
will not be broken. 


ANNALS OF MATHEMATICS. 


The following volumes, including all the earlier and scarcer volumes, 
should be useful in filling out partial sets : vols. 1-12, 1st series, bound; vols, 
1-6, 2nd series, bound; vols. 7-12, 2nd series, unbound; parts of vols. 16, 18. 
19, 20. Prices will be set on any or all of these ugon inquiry to 


W. R. Longley 
505 Orange Street New Haven, Conn. 
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ADVERTISEMENTS 


THE NEW ERA PRINTING COMPANY 


LANCASTER, PA. 


is prepared to execute in first-class and 
satisfactory manner alli kinds of printing 
and electrotyping. Particular attention 
given to the work of Schools, Colleges, 
Universities, and Public Institutions. 


Books, Periodicals 


Technical and Scientific Publications 


Monographs, Theses, Catalogues 


Announcements, Reports, etc. 


All Kinds of Commercial Work 


(Printers of the Balletin and Transactious of the 


American Mathematical Society, etc., etc.) 


Publishers will find our product ranking 
with the best in workmanship and ma- 
terial, at satisfactory prices. Our imprint 
may be found on a number of high-class 
Technical and Scientific Books and Peri- 
odicals. Correspondence solicited. Esti- 
mates furnished. 


THe New Era Printing ComPANy 


Those who advertise in the BULLETIN deserve our attention 
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OFFICIAL NOTICES iii 


American Mathematical Society 
Colloquium Lectures, Volume V 


Just Published 
The Cambridge Colloquium, Part II 


ANALYSIS SITUS 


By 
OSWALD VEBLEN 


Published by the Society, May, 1922. 8+ 150 pages, 
octavo. Paper covers, Price $2.00; to members of the 
Society, $1.50. 


Part I separately (Functionals and their Appliances, by 
G. C. Evans, 1918, 12 + 136 pages, paper.) $2.00; to mem- 
bers of the Society, $1.50. 


The Cambridge Colloquium, Parts I and II, bound together 
in cloth. Price $3.50; to members of the Society, $3.00. 


Address all orders to 
AMERICAN MATHEMATICAL SOcIETY, 
501 West 116th St., New York City. 
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ADVERTISEMENTS 


STUDY 


Mathematical Philosophy Fate ano 


EDOM 


Lectures for Educated Laymen 


By CASSIUS J. KEYSER, Ph.D, LL.D. 


Adrain Professor of Mathematics 
in Columbia University 


GINO LORIA, Professor of Mathematics in the University of 
Genoa, and Editor of Il Bolletino di Matematica, in a 
review written for the Bulletin des Sciences Mathématiques, 


says: 


“L’étude du beau volume du professeur américain finie, il me 
vint 4 lesprit cette pensée que si quelque mathématicien 
connaissant au fond l’anglais voulait le traduire en frangais, en 
cette langue de haute perfection, capable d’exprimer toutes 
les nuances de !a pensée, de se plier 4 toutes les tournures 
desprit, il rendrait, un service signalé non seulement 4 la 
science en général, mais aussi 4 la civilisation; car l’Ouvrage 
que nous venons d’analyser rapidement est de ceaux qui ont le 
privilége d’élever notre 4me au-dessus des basses considéra- 
tions de nature matérielle dont on est aujourd’hui affligés par 
les déplorables conditions of la grande guerre a plongé 
Vhumanité entiére.” 

“Upon completing the study of this beautiful work of the * 
American professor the thought occurred to me that if some 
mathematician having a thorough knowledge of English were 
to translate the book into French, that highly perfect 
language, capable of expressing all the ‘shades of thought, of 
meeting all the demands of the mind, he would render a signal 
service not only to science in general but also to civilization; 
for the work we have briefly analysed is among those which 
have the prerogative to elevate our souls above the gross 
material considerations which weigh us down in consequence 
of the de —, conditions into which the great war has 
plunged all humanity.” 


$4.70, postage extra. Send for a descriptive circular. 


Published by 


E. P. DUTTON & CO., 


681 Fifth Ave. New York 


Those who advertise in the BULLETIN deserve our attention 
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Publications of this Society 


Transactions of the American Mathematical Society. Published 
quarterly. Subscription price for annual volume, $7.00; to 
. members of the Society, $5.25. 
Mathematical Papers of the Chicago Congress, 1893. Price, $4.00; 
to members, $2.00. 
Evanston Colloquium Lectures, 1893. By FrELix KLEIN. Price, 
$1.25; to members, 75 cents. 
Boston Colloquium Lectures, 1903. By H. S. Wurre, F. S. Woops 
and E. B. VAN VLECK. Price, $2:75; to members, $2.25. 
Princeton Colloquium Lectures, 1909. By G. A. Buiss and Epwarp 
KAsner. Price, $2.50; to members, $2.00. 

Madison Colloquium Lectures, 1913. By L. E. Dickson and W. F. 
Oscoop. Price, $2.50; to members, $2.00. 

Cambridge Colloquium Lectures, 1916. Part I. By G. C. Evans. 
Price, $2.00; to members, $1.50. 
Part II. By OswaiD VEBLEN. Price, $2.00; to members, 
$1.50. i, I-II, bound together, in cloth. $3.50; to mem- 
bers, $3.0 

Portrait of Sictes Bécher. Price, 20 cents. Portrait of F. N. Cole. 
Price, 20 cents. 

Address all orders to 501 West 116th Street, New York, N. Y. 


JOURNAL DE MATHEMATIQUES PURES 
ET APPLIQUEES 
Founded in 1836 by Joseph Liouville 


EDITED BY 


HENRI VILLAT 
WITH THE ASSISTANCE OF 
R. DE MontTEssus DE BALLORE and E. PicarD 


This Journal, which has been among the foremost exponents of mathematics 
for nearly a century, was in danger of discontinuance owing to the changed 
financial situation caused by the war. By prompt action of a group of French 
mathematicians, its publication has been assured for the immediate future. 
This group contains, in addition to the editors, such eminent men as Appell, 
Borel, Boussin Boutroux, Brillouin, Cartan, Drach, Goursat, Guichard, 
Hadamard, Koenigs, Lebesgue, Montel, Painlevé, Vessiot. 

Papers will be accepted and printed i in English as well as in French. Among 
American contributors to recent or to forthcoming numbers may be mentioned 
Professors Dickson, Eisenhart, Hancock, Wilczynski. It is hoped that the 
— will become an indispensable element in international mathematical 
re tions. 

To insure the permanence of the Journal, subscriptions are invited. The 
present price is 90 francs, now equivalent to about $6.50. Subscriptions or con- 
tributions may be sent to the Editor of this BULLETIN or to H. Villat, 11 rue de 
Maréchal Pétain, Strasbourg, France. 
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Mathematics of Finance 


by 
H. L. RIETZ, PH.D. 


Professor of Mathematics, University of Iowa 


A. R. CRATHORNE, PH.D. 


Assistant Professor of Mathematics, University of Illinois 


J. C. RIETZ, A.B. 


Actuary of the Midland Mutual Life Insurance Company and 
Assistant Professor of Mathematics, Ohio State University 


A liberal business education should include a thorough 
and accurate training in the operation of interest in relation 
to finance. This work is designed to supply such training. 
It treats of the relation of interest to the amortization of 
debts, to the creation of sinking funds, to the treatment of 
depreciation, to the valuation of bonds, to the accumulation 
of funds in building and loan associations, and to the ele- 
ments of life insurance. 


This book is now the most widely used text in the sub- 
ject in our colleges and universities. 


HENRY HOLT AND COMPANY 


New York Boston Chicago San Francisco 


Those who advertise in the BULLETIN deserve our attention 
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OFFICIAL NOTICES vii 
OFFICIAL COMMUNICATIONS 


Meetings of the Society have been fixed at the following 
times and places: 


New York Ciry, February 24, 1923. Zboe| 


Abstracts must be in the hands of the Secretary of the Section not 
later than February ro. 


THE SAN FRANCISCO SECTION, at STANFORD UNIVERsITY, April 
7; 1923. 
Abstracts must be in the hands of the Secretary of the Section, B. A. 
Bernstein, not later than March 24. j 
Cuicaco, April 13 and 14, 1923. See note,,p. 476, vol. 28. 
Abstracts must be in the hands of the Secretary of the Chicago Sec- 
tion, Arnold Dresden, not later than March 23. 
New York City, Apri! 28, 1923. 


Abstracts must be in the hands of the Secretary of the Society not 
later than April 14. 


R. G. D. RICHARDSON, 
Secretary of the Society. 


ANNALI DI MATEMATICA 
PURA ED APPLICATA 


This important Italian mathematical peri- 
odical is in straitened financial circum- 
stances, owing to conditions arising from 
the war. Subscriptions for its support are 
suggested. First-class manuscripts in 
English, French, or Italian wil! be accepted. 
The price per subscription is forty Lire per 
volume of four numbers, of about eighty 
pages each; ordinarily a number appears 
each quarter. Subscriptions and cash gifts 
will be received by Professer Virgil Snyder, 
214 University Avenue, Ithaca, New York. 
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The October Meeting of the Society. By R. G. D. 
RICHARDSON. I 
The October Meeting of the San Francisco Section. By 
B. A. BERNSTEIN 10 
The Frank Nelson Cole Prize in Algebra. By R. G. D. 
RICHARDSON... 14 
Periodic Solutions in the Problem of Three Bodies. a 
Note on Quartiles and Allied Measures. By I DUNHAM 


Ruled Surfaces with Director Planes. By J. K. WHITTE- a 
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Shorter Notices 


Notes 


New Publications 


Any communication intended for this BULLETIN may be addressed to 
the American Mathematical Society, Prince and Lemon Streets, Lan- 
caster, Pa., or may be sent to separate officials of the Society as follows: 


Articles for insertion in the BULLETIN should be addressed to E. R. 
Heprick, Editor of the BULLETIN, 304 Hicks Ave., Columbia, Mo. Re- 
views should be sent to J. W. YounG, Dartmouth College, Hanover, N. H. 
Notes should be sent to R. W. BurcGess, Brown University, Providence, 


Subscriptions to the BULLETIN, orders for back numbers, and inquiries 
in regard to non-delivery of current numbers should be addressed to The 
American Mathematical Society, 501 West 116th Street, New York. 


Advertising space is available in the BULLETIN at $16 per page, 
$9 per half-page, $5 per quarter page, per issue. Address correspondence 
regarding advertising to H. L. Rietz, University of Iowa, lowa City, Iowa. 

Changes of address of members, exchanges, and subscribers should be 
communicated at once to the Secretary of the Society, R. G. D. RicHarp- 
SON, 501 West 116th Street, New York. 

The initiation fees ($5.00) and annual dues ($6.00) of members of the 
Society are payable to the binant of the Society, W. B. Fite, 501 West 
116th Street, New York. 
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